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Abstract
We investigate polymers pulled away from an interacting surface, where the force is applied to
the untethered endpoint and at an angle θ to the surface. We use the canonical self-avoiding walk
model of polymers and obtain the phase diagram of the model using Monte Carlo simulations for
a range of angles, temperatures and force magnitudes. The phase diagram of the model displays re-
entrance at low temperatures for three-dimensional walks when the pulling is more vertical than
horizontal. Our results agree with various exactly solvable lattice models that have been previously
studied.

1. Introduction

The manipulation of individual long chain molecules that are attached to a substrate is possible with
atomic force microscopy [1, 11, 26]. Experimental techniques have advanced to provide more fine-
grained control over the AFM tip [6, 17]. A recent experiment [7] used atomic force microscopy to
measure the desorption force as a function of the angle to the surface. The experimental results were
found to be universal across several polymer-substrate systems and had qualitative agreement with the
predictions of partially directed walk (PDW) models [20, 21].

The canonical lattice model that best matches the configurational space of real polymers is the self-
avoiding walk (SAW). The case where SAWs are desorbed due to a vertical force applied at the endpoint
has been studied [8, 13, 16, 18]. Some variation on how the force is applied have also been studied, for
example if the force is applied at the midpoint [15] or an arbitrary interior point [2]. However, the SAW
model has not been studied in the context of a force applied at an angle.

Another lattice model, that of PDWs self-avoiding subject to a pulling force applied at an angle,
was studied some years ago. PDWs are a subset of SAWs defined by disallowing steps in one or more
directions, and the directedness allows this model to be solved exactly in many scenarios. The two-
dimensional case of a PDW pulled at an angle was solved by [20, 21], both finding the complete phase
diagram. The direction of the pulling force has a similar effect as anisotropic stiffness in the location of
the desorption transition [25]. Three-dimensional models were also solved in [21], where there is flexib-
ility in both the definition of a PDW (i.e. which directions are forbidden) as well as the direction of the
applied force with respect to its projection in the impermeable surface. One of these three-dimensional
models can be identified as also including an inhomogeneous surface [12].

The known features of pulled lattice polymers are illustrated in a schematic phase diagram in
figure 1 based on the PDW solutions from [21]. When there is no applied force there is a thermal trans-
ition at the adsorption point Ta. When the force F is applied the phase boundary between adsorbed and
desorbed phases depends strongly on the angle θ between the force and the interacting surface. When
the force is applied horizontally (θ = 0◦) then at low temperatures the model is always adsorbed regard-
less of F and at high-temperatures there is force-induced adsorption, by which we mean that as the force
is increased the transition is from the desorbed phase to the adsorbed phase. Conversely, when the force
is applied vertically (θ = 90◦) then at high temperatures the model is always desorbed for all F and at
low-temperatures there is force-induced desorption. The dividing point between these two behaviours is
simply θ = 45◦ where the horizontal and vertical components are balanced, and this is the largest angle
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Figure 1. The schematic phase diagram of pulled walks based on the solution to partially-directed walk models. The adsorbed
phase is always on the left and the desorbed phase is always on the right but the boundary between them depends on the angle of
the applied force, which has magnitude F.

for which the phase boundary does not exist at T= 0. For larger angles, there is a zero-temperature crit-
ical force Fc, which does depend on θ.

The other interesting feature of the phase diagram is the phenomenon of phase re-entrance. We will
refer to a phase being X–re-entrant if varying a parameter X (with all other parameters fixed) causes
a transition out of the phase and then back into the phase at two different values of X. The clearest
example in figure 1 is the low temperature region where the desorbed phase is T–re-entrant in three-
dimensions when the pulling force is near-vertical (dashed line). This is due to the non-zero entropy of
the adsorbed phase of the three-dimensional model. (On the other hand, the desorbed phase is never
T–re-entrant for the two-dimensional model.) The range of forces for which the desorbed phase is T–
re-entrant shrinks as θ is reduced from vertical pulling but is still present for angles less than 90◦. A less
obvious example is the low force region where the adsorbed phase is F–re-entrant for a certain range of
angles. The solution to the PDW model indicates that there is some angle θ∗ for which the boundary is
vertical in the T–F plane as F→ 0. This means that for angles θ∗ < θ < 45◦ and fixed temperature just
below Ta the adsorbed phase is F–re-entrant; one can increase the force from zero and encounter two
transitions from adsorbed to desorbed and back to adsorbed phase.

While SAWs are the canonical lattice model of polymers the addition of a pulling force with a hori-
zontal component breaks translational symmetry and effectively imbues the model with a directedness.
Thus we may expect similarities with PDWs [18, 22]. Our goal in this paper is to investigate whether
the features of the partially directed model are present in the self-avoiding model. When the pulling
force is strictly vertical we know that there is T–re-entrance at low temperatures in three-dimensional
SAWs [8, 13, 14, 16, 18] but other angles are unknown. In section 2 we describe the SAW model and
present the phase diagram based on simulation results in section 3. We discuss several features of the
SAW phase diagram in section 4 including relevant scaling arguments and comparison to the partially
directed model.

2. Model of pulled walks

The polymers are modelled as SAWs on the square (d= 2) or simple cubic (d= 3) lattice Zd. The walks
are restricted to the upper half-space so that there is an impermeable interacting surface at the x-axis
for d= 2 or the x–y plane for d= 3. The first vertex of the walk is fixed at the origin and an interaction
energy ϵ< 0 is attributed to all other vertices that lie in the surface. The untethered endpoint is pulled
by a force with magnitude F, applied at an angle θ to the positive x-axis. The walks are thus enumerated
by the number of contacts with the surface m, the height of the pulled endpoint h and the projection of
the endpoint down to the x-axis a; see figure 2.

The number of walks of length n steps is denoted cnmah, leading to the partition function

Zn (T,F,θ) =
∑
m,a,h

cnmahκ
mλaτ h, (1)
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Figure 2. A self-avoiding walk pulled at an angle θ by a force F. There arem= 3 vertices in the surface and the endpoint is at
(a,h) = (5,3).

where the walks are weighted by Boltzmann weights

κ= e−ϵ/kBT, λ= eFb cosθ/kBT, τ = eFb sinθ/kBT. (2)

These weights are expressed in terms of physical parameters (T,F,θ) which will be more useful for
understanding the phase diagram. We will use lattice units where the lattice spacing is b=−ϵ= kB = 1.
To determine the phase diagram we consider the average adsorbed fraction

⟨m⟩
n

=

∑
m,a,hmcnmahκ

mλaτ h

nZn
. (3)

The average quantities ⟨a⟩/n and ⟨h⟩/n are calculated similarly.
The model (1) is defined in terms of Boltzmann weights and the Monte Carlo simulations work

in this formulation, but for pulled walks it will be insightful to consider the phase diagram in terms
of physical parameters T, F and θ. The adsorbed fraction ⟨m⟩/n is the standard order parameter since
it is conjugate to the interaction with the surface. Generally there are two phases: an adsorbed phase
where ⟨m⟩/n> 0 (and in fact ⟨m⟩/n→ 1 as T→ 0) and a desorbed phase where ⟨m⟩/n is small (and
⟨m⟩/n→ 0 as n→∞).

The phase diagram can also be determined by considering ⟨a⟩/n and ⟨h⟩/n together. The vertical
extent of the endpoint ⟨h⟩/n is small in the adsorbed phase (and ⟨h⟩/n→ 0 as n→∞) and non-zero
in the desorbed (and stretched) phase although its finite value depends on the temperature and force,
except when the force is zero. We note here that the desorbed phase is of a slightly different character
when the vertical force is zero with ⟨h⟩ ∼ nν , where ν is the metric exponent for free walks. The beha-
viour of the horizontal extent ⟨a⟩/n is roughly inverse to the vertical extent; it is non-zero and temper-
ature dependent in the adsorbed phase and in the desorbed phase it is constant, but not necessarily zero,
depending on the angle θ.

More details will be discussed with reference to the simulation results in section 3 but some features
of the phase diagram are known based on similar models. There is a first-order phase transition when
the angle is non-zero at a transition point between the two phases but the location and nature of this
point depends on F and θ. At zero force there cannot be any angle dependence and the critical point
is the second-order adsorption transition at a known temperature Ta [3, 5]. When the force is vertical
(θ = 90◦) there is force-induced desorption at low temperatures, and at high temperatures there is no
adsorbed phase regardless of force magnitude [8, 13, 14, 16, 18]. Conversely, when the force is horizontal
(θ = 0◦) there is force-induced adsorption at high temperatures and no desorbed phase at low temperat-
ures for any force magnitude.

2.1. Simulation of SAWs
The SAW model is analysed using Monte Carlo simulation, based on the parallelised flatPERM algorithm
[4, 23]. This algorithm samples walks by starting at the origin and growing the endpoint using a prun-
ing and enrichment strategy up to a set maximum length. Typically with flatPERM, at each step the
microcanonical parameters (in our case m, a and h) of the sample are determined and the cumulative
Rosenbluth weight of the walk is recorded in a histogram Wnmah which approximates the counts cnmah.
The algorithm is athermal in that the Boltzmann weights are added after the simulation to calculate
thermodynamic quantities, derived from the partition function (1). In the present model, the histogram
would be four-dimensional, which is prohibitively expensive to obtain samples for useful lengths. The
typical resolution for models with multiple parameters is to fix one of the Boltzmann weights for the

3



J. Phys. A: Math. Theor. 59 (2026) 085002 C J Bradly et al

whole simulation, effectively flattening a dimension of the histogram, equivalent to performing one of
the sums of (1) within the simulation. However, for our current model, the phase diagram is such that
we wish to sweep over physical parameters T, F and θ, which cannot be easily disentangled from the
Boltzmann weights weights κ, λ and τ . Thus we need to perform an independent simulation for each
set of values (T,F,θ).

The output of each simulation is a set of one-dimensional histograms Wn(T,F,θ;Q) (indexed by
n), whose entries are the sample averages of the weighted quantity Qwκmλaτ h for samples of length n.
The cumulative Rosenbluth weight w of a sample approximates cnmah and Q is a microcanonical quant-
ity. The quantities of interest are all zeroth-, first- and second-order moments of m, a and h in order to
approximate all relevant thermodynamic quantities.

The maximum length achievable in any simulation depends on the parameters (T,F,θ). In particu-
lar, the minimum value of T determines how large κn is, which cannot exceed the maximum value that
can be handled with floating-point arithmetic (we use quadruple precision types). Typically we ran sim-
ulations sampling walks up to length n= 500 using 4 parallel threads, each running 106 flatPERM iter-
ations. As an example, the phase diagrams in figure 5 has 37× 37× 7 points in the (T,F,θ) space, for a
total of approximately 50 000 CPU-hours of simulation runtime for each of d= 2 and 3. To obtain data
for very small T we ran some additional simulations up to only n= 128, which is still long enough to
resolve the phase diagram.

3. Phase diagram

To see the phase diagram, we use the simulation data to calculate the order parameter as

⟨m⟩
n

≈ Wn (T,F,θ;m)

nWn (T,F,θ;1)
, (4)

and similar for ⟨a⟩/n and ⟨h⟩/n. In figure 3 we show the order parameters for d= 2 SAWs and for θ =
0◦,45◦,90◦ (left to right). The existence of two phases is clear and the boundary depends strongly on θ.
In all cases the adsorbed phase is on the left part of the region indicated by ⟨m⟩/n> 0 and ⟨h⟩/n≈ 0
(blue). In this phase ⟨a⟩/n> 0 also except for θ = 90◦ where there is no preferred direction to break
the symmetry. Furthermore in the desorbed phase the horizontal component of the force means that
⟨a⟩/n> 0 as well, albeit a smaller value than in the adsorbed phase. Similarly, the phase boundary is not
visible from ⟨h⟩/n for θ = 0◦ since there is no vertical component in that case, and for angles inbetween
(θ = 45◦) the contrast between phases is not as strong compared to ⟨m⟩/n. For these reasons we con-
sider ⟨m⟩/n to be the best order parameter for the model.

In figure 4 we show the order parameters for d= 3 SAWs, for the same parameters as figure 3, except
for a slightly larger range in T. The phase diagram is qualitatively similar to the d= 2 model, with a few
differences. The main difference is that the adsorbed phase is T–re-entrant at low T for θ = 90◦ at fixed
values of F just above 1. Otherwise, ⟨a⟩/n and ⟨h⟩/n are even less of a reliable indicator of the phase
structure than the d= 2 case since now the extra dimension is perpendicular to the applied force.

While the phases are clear from ⟨m⟩/n, it is easier to see the boundaries more clearly by calculating
a covariance, which generalises the specific heat. Thus we also consider the Hessian matrix of second
derivatives of the reduced free energy An =−n−1 logZn, with respect to κ, λ, τ ,

Hn =

 ∂2κAn ∂κ∂λAn ∂κ∂τAn

∂λ∂κAn ∂2λAn ∂λ∂τAn

∂τ∂κAn ∂τ∂λAn ∂2τAn

 . (5)

These derivatives are estimated using simulation data for the first and second moments of m, x and h.
We denote the largest eigenvalue of Hn by χ and large χ is associated with a phase transition. Because
the adsorbed fraction is the best order parameter in this model it would also be sufficient to simply look
for peaks in var(m) to indicate the locations of the phase transition.

In figure 5 we indicate the phase boundaries determined from peaks in χ for (top) d= 2 and (bot-
tom) d= 3. In the low-force region all curves meet at a common point independent of θ, which is the
adsorption transition. The present simulations are not sufficient to show the SAW adsorption point
accurately, but previous Monte Carlo simulations [3] give Ta = 1.744(6) for d= 2 and Ta = 3.520(6) for
d= 3. These values are consistent with the location of the boundaries as F→ 0. The other minor quant-
itative difference is that for low angles and fixed temperature (above the adsorption point Ta) the critical
force inducing adsorption is slightly higher for d= 2, presumably because the change in entropy between
adsorbed and desorbed phases is higher for d= 2 than for d= 3.
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Figure 3. The order parameters for d= 2 SAWs pulled at an angle θ = 0◦,45◦,90◦ (left to right). From top to bottom are the
adsorbed fraction ⟨m⟩/n, average horizontal position of the endpoint ⟨a⟩/n and average vertical position of the endpoint ⟨h⟩/n.
For all angles, the desorbed phase lies on the right of the boundary, and the adsorbed phase lies on the left side.

Another obvious feature of the phase boundaries is that for large θ the boundaries join the F-axis at
finite F meaning that there is force-induced desorption at low-temperature. Furthermore, the desorbed
phase is T–re-entrant at low-temperature for d= 3 when θ is large but never T–re-entrant for d= 2. The
region where re-entrance occurs diminishes as θ decreases from 90◦ and is barely visible for θ = 75◦. For
small θ the low-temperature phase is adsorbed only, regardless of the magnitude of the force. Conversely,
at high temperatures the model is always in the adsorbed phase when the force is near-vertical, regard-
less of the magnitude F. For low angles, increasing F causes the walk to adsorb. The distinction between
these two behaviours appears to be around θ = 45◦, and this will be justified below with comparison to
the PDW model.

A note on figure 5: no scale is given for the value of logχ since it is different for each plot in order
to highlight where the boundaries are. We do not investigate finite-size scaling of the height of the
peaks since our data is not sufficient for that purpose. Furthermore, there are some spurious features
in the covariance data that do not correspond to real transitions. For example, in the plot of the phase
boundary for d= 2 and θ = 90◦, it appears that there is no boundary in this case and instead the entire
adsorbed phase has high covariance. This is an artifact of this special case where there is no preferred
horizontal component of the force. This means we have ⟨a⟩ ≈ 0 but the actual samples consist of two
equally likely configurations, where the endpoint has horizontal span a≈±n. Thus in this case ⟨a2⟩> 0
and the covariance is non-zero even in the adsorbed phase. The same effect is particularly strong in the
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Figure 4. The order parameters for d= 3 SAWs, with same parameters as figure 3.

d= 2 case at F= 0 for small θ where it makes other features barely visible and this data has been omit-
ted to make the adsorbed-desorbed boundary visible. This same phenomenon also appears in the d= 3
case for θ = 90◦ but with reduced effect because the endpoint has two-dimensional degree of freedom.
In all other cases where ⟨a⟩ ≈ 0 it is because the samples actually have a≈ 0. These issues indicate that
⟨a⟩/n is problematic as a microcanonical parameter in limiting cases.

4. Discussion

4.1. Scaling near the adsorption point
The phase boundaries all meet at the adsorption transition where F= 0 and T= Ta. In the absence of a
force this is a well understood continuous phase transition. With an arbitrary force acting on walks we
suppose a standard scaling ansatz form for the partition function near the critical point

Zn (T,F)∼ µn nγ−1Z
(
(T−Ta) n

ϕ,Fnψ
)
, (6)

where Z is an unknown analytic function and µ and γ are universal, depending only on the phase and
dimension and are otherwise independent of T and F. At the adsorption point they take their critical
values µc and γc. The crossover exponents ϕ and ψ in the scaling ansatz behave similarly. Then we can

6
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Figure 5. The phase boundaries of the SAWmodel indicated by regions of high covariance logχ. The top panel is for d= 2 and
the bottom panel is for d= 3.

form the reduced free energy

An (T,F)∼−1

n
(γ− 1) logn− logµ+

1

n
A
(
(T−Ta) n

ϕ,Fnψ
)
, (7)

where A is another unknown analytic scaling function. In the large n limit we see that the connect-
ive constant is related to the limiting free energy per step µ= e−A∞ . At zero force we can compute the
internal energy

un (T) =
⟨m⟩
n

=
∂An

∂T
= nϕ−1 ∂A

∂T

(
(T−Ta) n

ϕ,0
)

(8)

since only the scaling function depends on T and F. This gives a scaling form for the internal energy,
and the value of the exponent ϕ at the critical point has attracted attention over the years. It is now
known to have the value 1/2 except for d= 3 where ϕ≈ 0.48 [3, 5]. At the adsorption point T= Ta we
can do the same for force near F= 0 and thus we can obtain the end-to-end distance R as

7
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∂An

∂F
=

R

n
∼ nψ−1 ∂A

∂F

(
0,Fnψ

)
. (9)

But it is standard that R= ⟨r2n⟩1/2 ∼ nν scales with metric exponent ν, and thus ψ = ν.
So far we have effectively integrated out the direction of the force and only consider the magnitude

F, which is valid for the full lattice, which is isotropic in the thermodynamic limit of long chains.
However, if there is a surface to break this symmetry, one might imagine that the direction of the force
affects the scaling. It is not necessary to consider a specific angle, but simply the components of R that
are parallel and perpendicular to the surface, namely R∥ and R⊥ and their associated exponents ν∥ and
ν⊥, respectively. We could expand (6) to include F∥ and F⊥ along with associated crossover exponents
ψ∥ and ψ⊥, and then analogously to (9) we would find that ψ∥ = ν∥ and ψ⊥ = ν⊥. We have considered
this previously [3]: In the desorbed phase T> Ta the walks are free in the d-dimensional half-space and
so clearly ν⊥ = ν∥ = νd. In the adsorbed phase T< Ta the fraction of the walk in the surface approaches
unity and so ν⊥ = 0 and ν∥ = νd−1. At the adsorption point T= Ta we also find that ν⊥ = ν∥ = νd and
in fact, this coincidence was a reliable method for locating the critical temperature. The relevance to the
current work is that the response to a small force near the adsorption point does not depend on the dir-
ection of that force, even when there is a surface. Incidentally, µ is the same for the half-space and full
lattices [10], whereas γ does change if there is a surface [9].

4.2. Phase re-entrance at low temperature
There is an argument, going back to [19] but also considered in [16, 21, 25], for understanding T–re-
entrance by approximating the free energy of a polymer at low temperature using the zero-temperature
contributions to energy and entropy A≈ U(T= 0)−TS(T= 0). At zero temperature the likely configur-
ation in each phase depends on the angle θ. When θ = 90◦, i.e. purely vertical pulling, the only configur-
ation in the stretched phase is a taut vertical rod so there is no configurational entropy and the energy U
is just the work done to lift the endpoint to its maximum height, or F per step. In the adsorbed phase
the endpoint is in the surface so there is no work done but every step feels the surface interaction and
there is entropy due to configurations in the surface (if possible). Thus for vertical pulling we have

A≈ nF− n−Tn logµd−1, (10)

where the second term is the interaction energy since ϵ=−1.
For θ < 90◦ there is now a horizontal component to the force and so the zero temperature configur-

ation in the adsorbed phase is a taut rod lying entirely in the surface. There is no longer any configur-
ational entropy for the part that is in the surface so the free energy in the adsorbed phase consists only
of the horizontal work Fcosθ per step. In the stretched phase, for very large F, the general configuration
is a staircase walk with m horizontal steps such that tanθ = (n−m)/m. At high temperature all

(n−m
m

)
such walks may be equally likely, but at low temperature and as the force reduces to the critical force,
the surface interaction becomes significant and so configurations with more horizontal steps in the sur-
face are more likely, since ϵ< 0. Thus the only relevant configuration is an L-shape with the first m steps
forming a rigid rod in the surface and the remaining n−m steps are vertical. The free energy of this
configuration is the interaction energy −m for the part in the surface and the work done on each part
in the horizontal and vertical directions, mFcosθ and (n−m)F sinθ, respectively. In fact the adsorbed
phase is just the L-shaped configuration where m= n. The total free energy at low temperature near the
critical force for θ < 90◦ may be written [25]

A≈−m+mFcosθ+(n−m)F sinθ. (11)

This can be minimised with respect to m to obtain an expression for the critical force at low temperat-
ure. Combining with the case θ = 90◦ (10) for vertical pulling we have

Fc =


T logµd−1 + 1 θ = 90◦,

1

sinθ− cosθ
45◦ < θ < 90◦,

N/A θ ⩽ 45◦,

(12)

where the third case follows from the second, i.e. there is no force-induced desorption when θ ⩽ 45◦.
To explain the T–re-entrance of the desorbed phase, we see from the first case of (12) that for ver-

tical pulling the line of critical force has non-zero dependence on T as T→ 0. This only occurs for d= 3
where the entropy of the adsorbed phase is non-zero since µ2 > 1. For d= 2 there is no T–re-entrance

8



J. Phys. A: Math. Theor. 59 (2026) 085002 C J Bradly et al

Figure 6. The phase boundaries for d= 3 walks at low temperature and near-vertical pulling. The points are local peaks of the
Hessian eigenvalue logχ from simulations of SAWs. The dotted black line has slope logµ2 for comparison to the SAW bound-
ary at θ = 90◦. The grey lines are the boundaries of the PDWmodel and the grey arrows are the zero temperature values of the
critical force from (12).

since µ1 = 1. As the angle decreases from 90◦, we see from the second case of (12) that Fc is independ-
ent of T as T→ 0 but also that the value of Fc at T= 0 increases. So the T–re-entrance observed in the
phase diagrams figure 4 ‘softens’ as the angle is decreased, and must eventually disappear by θ = 45◦

where there is no force-induced desorption. It is not known from this argument whether there is an
intermediate angle where there is strictly no T–re-entrance or if the range of fixed F just becomes very
small.

While the above arguments are applicable for general lattice polymer models the low-temperature
details have not been explored for SAWs specifically. With additional simulations, we show in figure 6
the phase boundaries for near-vertical pulling angles at low temperature for d= 3 SAWs. The points
indicate where there is a peak in the covariance measured by the Hessian eigenvalue logχ. The bound-
aries in figure 6 clearly show the behaviour indicated by (12) as T→ 0, while maintaining T–re-entrance
as T increases. In particular, for θ = 90◦ the phase boundary is linear in T as T→ 0 with a slope given
by the entropy of the adsorbed phase, namely logµ2 which is the slope of the dotted black line. Then,
as θ decreases from vertical, there is a small region where the critical force is independent of temper-
ature and this region expands as θ decreases. The arrows indicate the T= 0 values of the critical force
from (12) and the boundaries are approaching these values.

In order to access temperatures as low as T⩾ 0.03 it was necessary to restrict to length n⩽ 128
for this range of F and θ. It is reasonable to worry about finite-size effects in this regime, but in our
experience this would be below the resolution of the parameter space [16]. Lastly, the grey lines are the
boundaries for the PDW model at the same angles. The comparison will be discussed more in the next
section.

4.3. Comparison to PDWs
The phase diagram of SAWs is very similar to the PDW models as illustrated by the schematic phase
diagram in figure 1, with a few minor differences. We first recapitulate some details of the PDW model
for polymers pulled at an angle, following [20, 21]. For d= 2 the valid PDWs are a subset of SAWs with
the restriction that steps in the negative x-direction are forbidden so that the directedness of the walk
aligns with the horizontal component of the applied force. PDW models can often be solved exactly
whereby instead of a partition function the description begins with a generating function

P(z,κ,λ,τ) =
∑

n,m,a,h

pnmahz
nκmλaτ h, (13)

where pnmah is the number of PDWs of length n with m surface contacts and endpoint position (a, h).
The weights κ, λ and τ are the same as before and z is a fugacity associated with the length. To obtain
the phase diagram for the PDW model a closed form of the generating function P is found exactly,
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for example using a factorisation scheme [20] or kernel method [21, 24]. Once P is known exactly its
singularity structure can be examined, and the dominant singularity determines the phase as a func-
tion of κ, λ and τ . Where two or more singularities coincide indicates a phase transition given by the
condition [21]

λ=
κ τ

(
κ−κ τ 2 − 1

)
(κ− 1)

[
(κ− 1)2 −κ2τ 2

] , (14)

which is valid for d= 2. This condition can be converted to physical parameters T, F and θ using (2).
For d= 3 there is flexibility in how the PDW model is defined. The simplest definition would be

similar to the d= 2 definition and only prevent steps in the negative x-direction. However, this model
is not solvable, as it is equivalent to a sequence of two-dimensional SAWs in the y-z plane. Instead, by
allowing positive and negative steps in the z direction (perpendicular to the interacting surface) but only
positive steps in the x and y directions, the model becomes solvable. These d= 3 walks remain partially
directed when projected down to the x–y adsorbing surface. For this model the condition for the critical
force changes to λ+ 1 on the left-hand side of (14), with the same right-hand side. We use this model
for comparison to SAWs. [21] also considered a second solvable model where d= 3 walks are generated
from Z-coloured d= 2 walks, but while this model has some quantitative differences, there is no new
physics, so we do not consider it here.

In the limit of zero force, (equivalent to λ→ 1 and τ→ 1) (14) indicates a thermal transition at the
adsorption point Ta = 1/ log(1+ 1/

√
2) = 1.87 . . . for d= 2 and Ta = 1/ log(7/8+

√
17/8) = 3.03 . . .

for d= 3, independent of angle θ. Thus the adsorption point for PDWs is slightly higher for d= 2 and
lower for d= 3. However, we also note that the PDW model of [21] counts edge-surface interactions
where as our SAW model counts vertex-surface interactions. reference [20] also considered vertex-surface
interactions for d= 2 PDWs and found that the adsorption point is higher than for edge-surface inter-
actions. Also in the F→ 0 limit it can be shown that there is an angle θ∗ = tan−1 1/2≈ 27◦ where the
phase boundary is vertical. A corollary of this feature is that for θ∗ < θ < 45◦ there is a narrow tem-
perature range whereby there is F–re-entrance. That is, for such angles, and some T just below Ta the
model is in the adsorbed phase at low F and as F increases the model desorbs and then re-adsorbs at
higher F. However, even for the PDW model this feature is hard to distinguish and our numerical data is
not good enough to resolve this feature in the SAW model. However, the fact that the boundary var-
ies smoothly with θ < 45◦, indicates that some θ∗ exists for the SAW model. Based on the similarity
between the two models, and comparison of the SAW boundaries for angles below 45◦ suggest that it
is possible for θ∗ to be the same for both models.

The other region of interest is the limit of zero temperature, which is equivalent to the limit κ→∞
for (14), whereby λ∼ τ/κ. After converting to physical variables there is a force-induced desorption
transition at the critical value Fc = 1/(sinθ − cosθ), precisely equivalent to the free energy argument
of (12) but with a different value for the adsorbed phase entropy. Due to this similarity we conclude
that low-temperature force-induced desorption is only possible in the SAW model for θ > 45◦. In other
words, with respect to figure 5, we expect that the phase boundary for θ = 45◦ is asymptotically vertical
for large F, and the phase boundary for θ = 45◦ will intersect the F axis, even though we cannot simu-
late at such large values of F.

As temperature increases from near zero, the d= 3 PDW model displays T–re-entrance and the d= 2
model does not, the same as the SAW model. In figure 6 we have also directly compared the solution for
the PDW model to the SAW model in the low temperature regime via solid grey lines indicating solu-
tions to (14). For vertical pulling θ = 90◦ the difference in models is due to the difference in entropy
of the adsorbed phases. The slope of the PDW boundary in this case is log

(
1+

√
2
)
which is less than

the slope of the SAW boundary logµ2, indicated by the dotted black line. For angles θ < 90◦, the differ-
ence in adsorbed phase entropy between the models also affects the T–re-entrant region. Interestingly
however, the region where the critical force is independent of temperature for θ < 90◦ seems to be quite
close for both the SAW and PDW models: it would be intriguing if the directed and non-directed mod-
els shared this value.

Osborn and Prellberg [21] also considered that for d= 3 there is further flexibility in that the force
can be applied such that the ‘horizontal’ component is not parallel to the x-axis, but could be e.g. along
the x= y line. In this case there is still configurational entropy in the adsorbed part of the walk that
ends at some point (x,x,0). This leads to a slight change in the low temperature part of the phase dia-
gram due to the additional angle of the applied force relative to the lattice directions, namely the slope
of the phase boundary remains non-zero as T→ 0. However, because this is a lattice effect, and because
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our SAW model is already constrained by how we can simulate the SAWs, we have only considered the
force to be in the x-z plane for the d= 3 models.

5. Conclusion

We have considered a SAW model of lattice polymers pulled by a force that is applied at varying angles
relative to an interacting surface. Monte Carlo simulations were used to calculate order parameters and
sketch the phase diagram. We find that there are two phases, adsorbed and desorbed, characterised by
the average fraction of the walk that is in contact with the surface. Both phases exist for all angles but
the location of the boundary between the phases is strongly dependent on the angle of the applied force.
For vertical and near-vertical pulling there is a critical force above which the walk is desorbed from the
surface, and this only occurs for low temperatures; at high temperatures the walk is always desorbed.
Simple free energy arguments indicate that this is the case for any θ > 45◦. For horizontal and near-
horizontal pulling the converse holds: at high temperatures there is a critical force below which the walk
is desorbed but at low temperatures the walk is always adsorbed. At intermediate angles there is a small
range of temperature where increasing force can induce both desorption and adsorption.

We can compare our results to previous studies of PDW models finding good qualitative agreement.
Minor quantitative disagreements are due to differences in the location of the adsorption transition and
configurational entropy which affects the location of the critical force especially in the low temperature
regime.

A remaining question concerns the difference in the phase transitions between the two models when
the pulling is horizontal (θ = 0◦). For PDWs horizontal pulling always produces a second-order trans-
ition since the horizontal span of PDWs in the adsorbed phase is always linear in length even at F= 0.
Similarly, for SAWs in the adsorbed phase with non-zero horizontal force the scaling of the horizontal
extension is always ⟨a⟩ ∼ n. As F→ 0+ we expect

√
⟨a2⟩ ∼ n for d= 2 SAWs since there are only two

adsorbed configurations (and ⟨a⟩ is not meaningful in this case). However, for d= 3 the adsorbed phase
will have ⟨a⟩ ∼ nν , where ν = 3/4 is the metric exponent for two-dimensional SAWs. This suggests a
possible further transition as F→ 0+ but as mentioned around figure 5 our data contains spurious fea-
tures due to the definition of the model. The better analysis would consider the average of the squared
end-to-end distance R2, and focus on the transition, which could be the subject of future study with new
simulations focusing on purely horizontal pulling.

Regarding experiments, the observed dependence of the critical force [7] was performed for tem-
perature just below Ta. The measured desorption force agrees with the PDW model for near-vertical
pulling, but increases more slowly than that model as the angle decreases. The desorption force in fact
diverges in the PDW model as θ→ θ∗ ≈ 27◦ which explains why the gap with experimental data widens.
As for the SAW model, although we do not have excellent resolution in this region of the phase diagram,
our data indicates that it is qualitatively the same as the PDW model, with the only difference being the
value of Ta. Thus the difference to experimental data is best understood as a lattice effect.

Another experimental consideration is that the flat slope of the boundary for small but non-zero T
(and near-vertical pulling) was shown in the PDW model already [20, 21], but here we have demon-
strated that it should be present in the full SAW model, which is canonically closer to physical polymers.
This feature has not been observed in experiments although the range of small T for which the critical
force is independent of T may be hard to access directly. However, this feature may affect the location of
the critical force at higher T where the desorbed phase is T–re-entrant.
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