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Compressed self-avoiding walks in two and three dimensions
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We consider the phase transition induced by compressing a self-avoiding walk in a slab where the walk is
attached to both walls of the slab in two and three dimensions, and the resulting phase once the polymer is
compressed. The process of moving between a stretched situation where the walls pull apart to a compressed
scenario is a phase transition with some similarities to that induced by pulling and pushing the end of the polymer.
However, there are key differences in that the compressed state is expected to behave like a lower dimensional
system, which is not the case when the force pushes only on the end point of the polymer. We use scaling
arguments to predict the exponents both associated with the phase transition and in the compressed state and find
good agreement with Monte Carlo simulations.
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I. INTRODUCTION

The effect of confinement on polymers is of great in-
terest in statistical mechanics. The development of atomic
force microscopy and optical and magnetic tweezer methods
have enabled the manipulation and confinement of individ-
ual polymers [1]. A related question concerns the effect
of confinement on biopolymers, either for translocation of
biopolymers or pharmaceutical compounds through pores and
nanotubes [2,3] or for how a polymer escapes out from under
the compression of an atomic force microscopy tip [4]. In
complex fluids polymers can be adsorbed to colloidal par-
ticles in scenarios like steric stabilization where there is an
effective interaction between colloids [5] or with a wall [6].
When the colloidal particles are large and close together, the
adsorbed polymers can be modeled as confined to an infinite
slab and subject to compressive forces. Similarly, a single
polymer chain in a network can be viewed as confined and
the properties of single subchains subject to stresses may be
important for the bulk properties of polymer gels [7].

In statistical mechanics the self-avoiding walk (SAW) is
the canonical model for understanding the configurational
properties of long polymer molecules [8,9] and possesses the
same scaling properties as real polymers [10,11]. We consider
SAWs as paths on a d-dimensional hypercubic lattice Zd that
do not visit the same site twice. If the number of such SAWs
of length n is denoted cn then it is known that the growth
constant log μ = limn→∞ n−1 log cn exists [12], and thus it
is generally believed that asymptotically cn ∼ A μnnγ−1 for
some universal exponent γ . In order to consider walks com-
pressed between two parallel surfaces, we are interested in
the subset of SAWs that are restricted to lie in the upper
half space, with one end attached to an impermeable surface.
If c+

n counts such walks then similar relations hold as for
cn, with the same growth constant μ [13] but γ1 replaces γ
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[14]. For the stronger restriction where the walks are con-
fined between two walls that are at a fixed distance apart,
lattice polymers have long been considered a model of steric
stabilization [15–17]. Rigorous results for the limiting free
energy of self-avoiding walks between two walls indicate the
presence of a repulsive entropic force by the polymer acting
on the confining walls [18]. However, it has proven difficult to
obtain rigorous results about SAWs that go far beyond these
asymptotic relations, which motivates the use of numerical
simulation for comparison to theoretical arguments.

It is worth mentioning that there are many other lattice
models that are exactly solvable and for which the effect
of an applied force can be incorporated. These models are
based on directed or partially directed walks; the directedness
often makes the models solvable but often makes them less
realistic. However, the latter is less of an issue when the
system is already anisotropic due to geometric confinement
or application of a force. For a review of these models see
Ref. [19]. In two dimensions the model of directed walks that
are confined to a slab but without an applied force can be
solved exactly [20]. In the case of a compressive force this
is more difficult but the generating function and the partition
function scaling have been found exactly [21]. It is not clear
whether a suitable directed model exists in three dimensions
since solvable directed models in three dimensions are often
pseudo-two-dimensional (2D) [22]. In any case, our focus
here is to ascertain the correct scaling exponents for the SAW
model.

For self-avoiding walk models the force is typically con-
sidered to be applied in one of two ways, resulting in similar
situations [23]. First, the force can be applied to the end point
and the average height of the end point is the appropriate
order parameter. When F > 0 the walk is pulled taut and is
in the ballistic phase, meaning the end-point height scales
linearly with n [24]. It is also known rigorously that the
point of zero force, F = 0, is a critical point between the
ballistic and extended phases [25]. At this critical point
the critical exponents φ (related to the finite-size crossover)
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and α (related to the specific heat scaling) have expected
values φ = νd and α = 2 − 1/νd [26], where νd is the Flory
exponent for d-dimensional SAWs. In particular, since 1/2 �
νd < 1 for d � 2, then α < 1 and hence the ballistic-extended
transition is continuous. In the pushed phase of this model
F < 0, a small pushing force towards the impermeable sur-
face only has a local effect on the end point of the walk, and in
the limit F → −∞ the SAW effectively becomes a loop with
both ends confined to the surface, but the walk is otherwise
free to explore the bulk.

Alternatively, the model we consider here is where the
force is applied to the walls to expand or compress the confin-
ing space, with the condition that the walk is always in contact
with both surfaces. Then the average span of the walk s, or
size of the gap between the surfaces, replaces the end-point
height as the order parameter of interest. This model has
been considered previously [27], but only for two-dimensional
walks, relying on the conjectured existence of a conformally
invariant scaling limit for SAWs [28]. The point of zero force
F = 0 is still expected to be a critical point, but the properties
of the transition have not been thoroughly explored. Because
the walk is neither tethered to the upper surface nor interacting
with it, the F > 0 phase is less physically relevant and we con-
centrate on the compressive F < 0 side where the effects of
confinement are potentially more interesting. This phase has
not been studied as extensively, especially for d = 3, where
the scaling derived from 2D SAWs (or any directed model)
does not directly apply. When F < 0 in the compressed phase
it is intuitive that the confining surface will induce quasi-
(d − 1)-dimensional behavior [29,30], but we will see that this
is not the case for both d = 2 and 3 dimensions. Furthermore,
the arguments of Ref. [26] indicate that when the force is
applied at the end point, the span of the walk scales as nνd ;
this is different from the scaling of the span when the force is
applied to another surface located at span s.

In Sec. II we define the model of compressed walks and
Monte Carlo simulations used to simulate the problem. In
Secs. III and IV we discuss the scaling behavior in the com-
pressed phase and critical point, respectively. Finally in Sec.
V we compare these scaling arguments to numerical estimates
of exponents for both 2D and three-dimensional (3D) cases.

II. MODEL OF COMPRESSED WALKS

Our model is of self-avoiding walks on Zd , especially d =
2 and 3, confined between two parallel impermeable surfaces.
One end of the walk is tethered to the bottom surface, and
the highest parts of the walk, not necessarily the other end,
are assumed to always be in contact with the upper surface. A
force is applied to expand or compress the walk between the
surfaces (see Fig. 1). The height of the highest vertices and
thus the height of the upper surface is the span s of the walk.
The partition function for such walks is

Zn(F ) =
∑

s

ansy
s, (1)

where ans is the number of walks of length n and span s,
and y = exp(F/kBT ) is the Boltzmann weight for a force F
applied to the top surface.

FIG. 1. A self-avoiding walk on the square lattice confined to a
strip of width s and a positive (negative) force F is applied to the
walls to expand (compress) the walk. The walk is terminally attached
to the lower surface and touches the upper surface at least once but
the end point xn is otherwise free within the strip. The position of xn

gives the components of the end-point distance R.

For y > 1 (F > 0) the walk is stretched between the two
surfaces and for y < 1 (F < 0) it is compressed. The order pa-
rameter indicating these two phases is the average (fractional)
span

sn(F ) = 〈s〉
n

= 1

n Zn(F )

∑
s

s ansy
s, (2)

and its variance (specific heat) is

cn(F ) = var(s)

n
= 〈s2〉 − 〈s〉2

n
. (3)

Although the force is not applied to the end point, we are still
interested in the behavior of the end point, namely the end-
to-end distance R. Because of the geometry of the model it
is useful to further distinguish between the components of R
parallel and perpendicular to the surface where the walk is
attached, namely

R‖ =
√〈

x2
n,1 + . . . + x2

n,d−1

〉
and R⊥ =

√〈
x2

n,d

〉
, (4)

respectively, and xn,i is the ith component of the end point (see
Fig. 1).

Generally, we are interested in the finite-size scaling of the
metric quantities because the value of the scaling exponents is
indicated by the phase, including at the critical point. Thus we
suppose, to leading order, that the metric quantities have large
n asymptotic scaling

sn ∼ Asn
νs−1, R‖ ∼ A‖nν‖ , and R⊥ ∼ A⊥nν⊥ , (5)

for nonuniversal constants As, A‖, and A⊥ that are indepen-
dent of n. At F = 0 we expect νs = ν⊥ = ν‖ = νd , the Flory
exponent for d dimensions. In the stretched and compressed
phase these exponents may deviate from each other.

Monte Carlo simulations

We simulate SAWs in a strip or slab with the flatPERM
algorithm which is a flat histogram extension of the pruned
and enriched Rosenbluth method (PERM) [31] that approxi-
mately numerates the number of self-avoiding walks ans. This
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(a) (d)

(e)(b)

(f)(c)

FIG. 2. Metric quantities for compressed SAWs for (left) d = 2
and (right) d = 3. From top to bottom are the average extension
above the surface 〈s〉, the average height of the free end point, and
the average in-plane distance of the free end point, each given as a
fraction of length n. Curves are shown for several different lengths
n = 256, 512, and 1024.

algorithm samples walks by starting at the origin and growing
the end point using a pruning and enrichment strategy and
measuring the span s. The main output is a flat histogram
Wns that approximates ans, for all lengths n up to a preset
maximum length n = 1024. Note that during the simulation
the walks are not confined to a strip and the effect of the force
applied to the span of the walks is applied by weighting with y,
according to Eq. (1). For each of d = 2 and 3 we initiated ten
independent instances of flatPERM; each instance uses a par-
allel implementation with eight threads, and each thread runs
105 iterations. This obtains a total of ≈1.2 × 1010 samples
at maximum length n = 1024. The parallel implementation
speeds up the initial equilibration phase [32] and incurs in-
significant overhead since the parameter space is large enough
for threads to avoid collisions. In addition to the histogram
Wns for the number of samples, the simulations also output
histograms that accumulate the weighted end-point position
Wnsx2

n for calculating R‖ and R⊥.
From the simulation outputs we show in Fig. 2 the metric

quantities sn, R⊥/n, and R‖/n (top to bottom) as a function of
Boltzmann weight y. The end-point components are scaled by
n for comparison to the order parameter sn. The left plots are
for walks on the square lattice (d = 2) and the right plots are

for walks on the simple cubic lattice (d = 3). In the stretched
phase, y > 1 (F > 0), the average span and distance of the
end point from the bottom surface R⊥ are positive; they will
asymptote to unity as y increases. In the compressed phase,
y < 1 (F < 0), these quantities are approximately zero in
the large n limit. For both phases these quantities are larger
in two dimensions than three dimensions, but otherwise are
qualitatively the same. Conversely, the component of the end
point parallel to the confining surfaces R‖ is suppressed in the
stretched phase for both two and three dimensions. However,
in the compressed phase R‖ remains small for d = 3 but is
positive for d = 2. This suggests that a two-dimensional walk
obtains an effective directedness as it is increasingly confined
to a narrow quasi-one-dimensional (1D) strip.

III. SCALING IN THE COMPRESSED PHASE

When the force is directed downwards (F < 0) the walks
are compressed between the two surfaces. Intuitively, one
might expect that as y → 0 (increasing compressive force
F → −∞), the walk becomes effectively (d − 1) dimen-
sional. In this case, the in-plane end-point size R‖ scales like a
free self-avoiding walk on a (d − 1)-dimensional lattice. The
out-of-plane quantities are suppressed but behave as a random
walk, meaning νs = ν⊥ = 1/2 for F 
 0, but the amplitudes
of sn and R⊥ tend to zero. However, when F < 0 but |F | is not
large the walks are in a compressed phase but still explore a
d-dimensional space and other scaling occurs.

It is strongly believed, although not strictly proven, that
two-dimensional self-avoiding walks have a conformally in-
variant scaling limit, specifically the SLE8/3 measure from the
theory of Schramm-Loewner evolution (SLE) [28]. In partic-
ular, for walks restricted to the upper half plane and tethered
to the surface, the number of walks, and thus the measure,
scales as nγ1 , where γ1 is the entropic exponent. It is predicted
that γ1 = 61/64 [14] for two-dimensional walks tethered to a
surface and this matches the properties of the corresponding
SLE measure.

In two dimensions, the assumption of the scaling limit
allows the following argument for SAWs restricted to a thin
strip, following Ref. [27]. Consider SAWs restricted to a nar-
row strip of height s, such that the length is n = Ks1/ν for
some large K . These walks are a concatenation of K subwalks,
each of length s1/ν where each smaller subwalk spans the strip.
Assuming the scaling limit exists, the lattice spacing can be
rescaled to length 1/s in which case the SAWs can be viewed
as quasi-1D walks with step size 1 and length K .

Then the measure of walks within a narrow strip of width s
can be viewed as the product of the measure of 1D walks and
the measure of half-space walks:

q(strip s)
n = q(1D)

K q+
n . (6)

The measure of walks with span exactly s is the derivative of
this measure:

q(span=s)
n = ∂

∂s
q(strip s)

n . (7)

To relate this measure to our statistical mechanical model,
note that the measure on a set of walks is related to the number
of such walks by the growth constant μ, that is an = qnμ

n.
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If we also weight each walk by a Boltzmann factor ys for
a compressive force F < 0 [y = exp(F/kBT ) < 1] and inte-
grate over the span s then we have the leading-order term (for
large n) of the canonical partition function Eq. (1). Hence for
SAWs when F < 0 we have

Zn(F ) ∼ μn
∑

s

eFs/kBT q(span=s)
n

∼ μn
∑

s

eFs/kBT ∂

∂s
q(1D)

K q+
n . (8)

The measure of 1D walks is simply q(1D)
K ∼ A1 exp(−β1K )

and the measure of half-space walks is q+
n ∼ A2nγ1−1, for

some constants A1, A2, and β1. Also, recall that n and K
are related by n = Ks1/ν and K is a large constant in the
scaling limit. Using these expressions in Eq. (8), and a calcu-
lation of the asymptotic behavior of the resulting integral (see
Appendix A of Ref. [27]), we arrive at the partition function
for SAWs in the compressed phase:

Zn(F ) ∼ A μn

( −F

kBT

) 3
2 −γ1
ν+1

n
γ1−1+ν/2

ν+1 exp

[
−λ n

ν
ν+1

( −F

kBT

) 1
ν+1

]
,

(9)

where A and λ are constants independent of n and F . Compare
Eq. (9) to the expected scaling of free half-space self-avoiding
walks Z+

n ∼ A+μnnγ1−1; for compressed walks there is a
larger leading-order power, but an additional exponential sup-
pression, indicating slow convergence.

From Eq. (9) we can calculate the average span in the
compressed phase [33]:

sn(F ) = kBT

n

∂ log Zn

∂F

∼ λ

ν + 1

( −F

kBT

)− ν
ν+1

n− 1
ν+1 − γ1 − 3/2

ν + 1

( −F

kBT

)−1

n−1.

(10)

For d = 2 we have known values of the exponents ν = 3/4
and γ1 = 61/64 [14], thus the partition function is explicitly

Z (2D)
n (F ) ∼ A μn

( −F

kBT

)5/16

n3/16 exp

[
−λ

( −F

kBT

)4/7

n3/7

]
,

(11)
and the (fractional) average span is

s(2D)
n (F ) ∼ 4λ

7n4/7

( −F

kBT

)−3/7

− 5

16n

( −F

kBT

)−1

, (12)

which indicates that νs = 3/7 is the leading-order exponent in
the compressed phase.

For the end-to-end distance scaling we note that the per-
pendicular component of the end point is bounded by the
span of a walk, thus R⊥/n < sn. However, the scaling is the
same and we expect ν⊥ = νs. For the parallel component R‖,
we consider again that a compressed 2D SAW is a quasi-1D
SAW, meaning the compression induces a directedness. and
the height of the end point can be considered as a 1D simple
random walk on top of the directed walk. Hence we would
expect R⊥ ∼ √

R‖. Since we already have ν⊥ = νs this implies
ν‖ = 2νs = 2νd/(νd + 1) in the compressed phase.

TABLE I. Conjectured metric exponents in each phase. It is
important to note that the d = 3 values are speculative and ν‖ does
not match the numerical results. The limit F → −∞ indicates that
the slab has zero width and the exponents νs and ν⊥ are not defined.

F → −∞ F < 0 F = 0 F > 0

General νs = ν⊥
νd

νd +1 νd 1

ν‖ νd−1
2νd

νd +1 νd 1/2
d = 2 νs = ν⊥ 3/7 3/4 1

ν‖ 1 6/7 3/4 1/2
d = 3 νs = ν⊥ 0.370 . . . 0.588 . . . 1

ν‖ 3/4 0.740 . . . 0.588 . . . 1/2

While for d = 2 the SLE scaling limit is not proven but it
is strongly believed to be correct, for d = 3 there is no equiv-
alent conjectured scaling limit. However, even if we could
rescale the walk in three dimensions, the quasi-2D walks in
the compressed phase are not self-avoiding, and remain as
3D SAWs, except when the slab has zero width. Neverthe-
less, it is intuitive that for a thin slab the quasi-2D walks
are weakly self-avoiding and so the above argument may be
approximately correct even for three dimensions. For higher
dimensions certainly we expect that νs is less than the 2D
value in the compressed phase since there is more room for
the walk to spread out when compressed. The 3D exponents
ν and γ1 are known to high precision, so we can still test
Eq. (9) for d = 3. We can say even less about the end-to-end
distance scaling. We still expect ν⊥ = νs for d = 3, but since
the compression does not induce a directedness to the walks
we do not have a prediction for ν‖ in the compressed phase.

Table I summarizes the expected values of the metric
exponents in all phases, both generally and for d = 2 and
3. Explicit values for two and three dimensions are based
on known values of ν2 = 3/4 and ν3 = 0.587 597(7) [34].
The limit F → −∞ indicates a (d − 1)-dimensional system
where the slit or slab has zero width. The F > 0 regime
is the ballistic phase where the span and end-point height
scale linearly with n and the parallel component is a small
simple random walk. The transition at zero force is discussed
more in the next section. For the compressed phase F < 0
it is important to note that the conjectured values for d = 3
are speculative. In Sec. V we do find numerical agreement
with the d = 3 conjecture for νs = ν⊥ ≈ 0.370, but we do
not find numerical agreement with the d = 3 conjecture for
ν‖ ≈ 0.740.

IV. SCALING AT THE CRITICAL POINT

This model has a critical point at F = 0, between stretched
and compressed phases. The scaling at this critical point is ex-
pected to be similar to the end-point-pulled model, examined
recently [26]. Like that model, we have standard crossover
scaling Ansätze for a continuous transition near a critical point
Fc at large length n, namely

sn(F ) ∼ nαφ−φ S̃([F − Fc]nφ ), as n → ∞ as F → Fc, (13)

and

cn(F ) ∼ nαφC̃([F − Fc]nφ ), as n → ∞ as F → Fc, (14)
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(a)

(b)

FIG. 3. Specific heat cn for compressed SAWs, for (a) d = 2
and (b) d = 3. Curves are shown for several different lengths n =
256, 512, and 1024, indicating that a peak is forming at the critical
point y = 1 (F = 0).

where S̃ and C̃ are scaling functions and φ < 1 is the crossover
exponent. The exponent α is defined by scaling in the thermo-
dynamic limit where the specific heat C(F ) = limn→∞ cn(F )
scales as

C(F ) ∼ (F − Fc)−α as F → Fc. (15)

In order to reconcile the thermodynamic and large n limits,
standard tricritical scaling [35] applies, whereby there is a
relation between exponents φ and α:

2 − α = 1

φ
. (16)

Thus at the critical point Fc = 0 we have

sn(0) ∼ S0 nφ−1 (17)

and

cn(0) ∼ C0 n2φ−1. (18)

The constants S0 and C0 are the values of the scaling functions
S̃ and C̃ at F = 0.

Similar to the model with force applied to the end point,
the span of a walk is a metric quantity, as discussed with
Eq. (5). In particular, when there is no applied force, the
span exponent should be the Flory exponent νd of a free
self-avoiding walk confined to a half space. Thus at the critical
point F = 0 comparison to Eq. (17) indicates that φ = νd . By
the hyperscaling relation Eq. (16), and the fact that νd � 1/2
we also find that α < 1, indicating a continuous transition.
Furthermore, the quantity 2φ − 1 is therefore positive (for
d = 2, 3) and so the variance of s at the critical point, namely
cn(0), increases with n. As seen in Fig. 3, this manifests as
a peak in the finite-size specific heat which serves as a good
signature of the critical point. If we assume that the peak is

FIG. 4. Estimates of coefficients of the exact expression for sn

in the compressed phase (F < 0), Eq. (10). The coefficient A of
the leading-order term behaves as expected, showing simple linear
dependence on the known power of F , but the coefficient B of
the next-order term does not. The dashed lines have slopes (γ1 −
3/2)/(νd + 1).

located very near to F = 0 as n increases then the height of
the peak scales as nαφ which is a reliable way to numerically
estimate the exponents α and φ. The other way to estimate
φ is to directly fit the average span at zero force, and obtain
φ = νs from Eq. (17). An estimate for α is then derived from
the hyperscaling relation Eq. (16).

V. NUMERICAL ESTIMATES OF EXPONENTS

A. Testing an asymptotic expression for the average span

The scaling arguments for the compressed phase resulted
in an expression for the average span, Eq. (10), that indi-
cates not only scaling as length n increases, but also that the
coefficients have specific expressions that depend on the com-
pressive force. There is a free parameter λ but otherwise we

can test the simple model sn ≈ A/n
1

νd +1 − B/n and compare to
Eq. (10), assuming force F is in thermal units, or kBT = 1. In

particular, we would expect A ∝ (−F )−
νd

νd +1 and B ∝ (−F )−1.
In Fig. 4 we plot estimated parameters A and B against the
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appropriate inverse powers of (−F ), for values of F < 0 in
the compressed regime. Clearly, A is proportional to (−F )−

ν
ν+1

as suggested by the scaling arguments. Furthermore, a simple
estimate of the slope gives estimates λ ≈ 2.626(1) for d = 2
and λ ≈ 2.536(2) for d = 3. The value for d = 2 matches the
estimate from Ref. [27], which was obtained from analysis
of the exact enumeration of two-dimensional walks confined
to a slit. However, while the leading-order term is supported
by the numerical evidence, the data for the second term co-
efficient B are not. The dashed lines indicate the expected
slope (γ1 − 3/2)/(νd + 1), but the data are not even linear
with respect to (−F )−1. A more careful analysis indicates that
this fails because the next-to-leading-order scaling of sn is not
1/n, which indicates that the higher-order terms are not so
simply captured by the exact expression given by Eq. (10).

B. Finite-size scaling analysis

If the predicted expression for sn is only partially correct,
then we can fall back on standard methods for finite-size
scaling properties. For fixed y, we next estimate the leading-
order scaling exponents νs, ν⊥, and ν‖, as defined by Eq. (5).
In practice, we extend these scaling relations to include a
correction-to-scaling term, which accounts for higher-order
terms that may still be relevant at the lengths accessible by
simulation, but without fixing the second-order term explicitly
as in the previous analysis. Thus, for example the data for the
average span are fitted to

sn(F ) ∼ S nνs−1

(
1 + S̃

n	

)
, (19)

where the coefficients S and S̃ are independent of n but may
vary with F . As we have seen above the higher-order terms
are not well known, but it is necessary that an additional
correction to the scaling term is included. The correction to
the scaling exponent is chosen to be 	 = 1/2 to capture
higher-order terms, which is based on known estimates of
higher-order terms in the expansion of metric quantities of
SAWs. For example, the end-to-end distance of free SAWs
in three dimensions has the next-order term with exponent
	 = 0.528 [34]. In the compressed phase 	 = 1/2 is close
to the predicted exponent for the second-order term discussed
above, but here we are agnostic about the precise value and the
coefficient of the higher-order terms, instead focusing on an
accurate estimate of the leading-order exponent. Furthermore,
this analysis can be applied for any y, not just the compressed
phase, and can also be used to estimate ν⊥ and ν‖ from the
end-to-end distance R. Using correction-to-scaling forms, we
estimate the metric exponents, shown in Fig. 5 over a range of
y for (a) d = 2 and (b) d = 3. In both two and three dimen-
sions, the critical point at zero force (y = 1) is clear whereby
all metric exponents take the value νd of free self-avoiding
walks (marked by the middle gray dashed line).

In the stretched phase (y > 1) there is clear ballistic behav-
ior where the span and the height of the end point R⊥ have
linear scaling with νs = ν⊥ = 1. In this phase, because the
walk is stretched perpendicular to the surfaces, the position
of the end point in the plane parallel to the surface is not
self-avoiding and so ν‖ = 1/2. This is the same behavior as
the end-point-pulled model [26].

FIG. 5. Exponent estimates for metric exponents ν as a function
of pulling weight y, for (a) d = 2 and (b) d = 3. From bottom to top,
the dashed lines mark the values of νd/(νd + 1), νd , and 2νd/(νd +
1), where νd is the known exponent for free SAWs, namely
3/4 and 0.587 . . . for d = 2 and 3, respectively.

In the compressed phase things are more complicated. The
bottom gray line marks the value νd/(νd + 1), and for y < 1
the exponents νs and ν⊥ agree with this value as expected
from the scaling arguments. The agreement is better for d = 2
than 3 and there is also some systematic variance that is larger
for νs than ν⊥, but overall we find that the scaling arguments
match the numerical estimates for these two exponents. The
scaling of the end-point height in the compressed phase is
less clear. For d = 2 the claim that ν‖ = 2νd/(νd + 1) (top
gray line) is supported by the numerical estimates, but only
when y is sufficiently smaller than the critical point. For d = 3
this does not appear to be the case; even allowing for some
unknown systematic error it is not clear that ν‖ matches any
expected value in the compressed region. We report the value
ν‖ ≈ 0.6503(7) at y = 0.1 as indicative of the value in the
compressed phase.

What is not shown in Fig. 5 is the limit y → 0 where the
compression induces quasi-(d − 1)-dimensional behavior. At
y = 0 the lattice is d − 1 dimensional and we should see that
ν‖ = νd−1 (e.g., ν‖ = 1). Meanwhile, νs and ν⊥ are undefined
at y = 0 since the span and end-point height are identically
zero. However, we do not have sufficient accuracy to see if
ν‖ discontinuously jumps to the lower-dimensional value or if
there is a continuous crossover at very small y.
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TABLE II. Critical exponents α and φ estimated from the scaling
of thermodynamic quantities at the critical point Fc = 0 for pulled
SAWs on the square and simple cubic lattices.

d sn(0) ∼ S0nφ−1 cn(Fpeak) ∼ C0n2φ−1

2 φ 0.7464(2) 0.7520(1)
(squ) α 0.6603(4) 0.6703(2)
3 φ 0.58806(5) 0.5900(4)
(sc) α 0.2995(1) 0.305(1)

C. Critical point scaling

Finally, at the critical point F = 0 we estimate the crit-
ical exponents φ and α. Based on the scaling arguments
from Sec. IV we take the exponent estimate for φ = νs from
sn(0). But we also estimate φ and α separately by fitting
cn(Fpeak) with correction-to-scaling terms. Our estimates for
φ and α are listed in Table II for both d = 2 (square lattice)
and d = 3 (simple cubic lattice), and are clearly consistent
with φ = νd and α < 1 indicating a continuous transition.
The stated errors are only due to stochastic effects from the
simulation and hence are quite small; systematic errors from
higher-order corrections to leading-order scaling are difficult
to parse from Monte Carlo data beyond the next-to-leading-
order correction-to-scaling term in Eq. (19).

VI. CONCLUSION

The application of a force to a lattice polymer via com-
pression of two parallel plates has many similarities to the
application of the force at the end point. The critical point of
zero force between compression and stretching displays the
same critical phenomenon, namely the critical exponents are
φ = νd and thus α < 1 indicating a continuous transition.

In the compressed phase we tested a prediction that νs =
νd/(νd + 1), which is based on scaling arguments for com-
pressed walks in two dimensions. We find that this holds for
d = 2, for both the scaling of the average span and the scaling
of the end-to-end distance. Although these arguments do not
hold for d = 3, we find that this prediction for νs closely
matches the estimated value from numerical simulations. The
numerical value is slightly higher than ν3/(ν3 + 1), which
could be interpreted as being due to the walks retaining their
3D self-avoiding character in the compressed phase. How-
ever, this is only speculative and we cannot rule out some

systematic error or the effect of higher-order terms. We note
that equivalent simulations for compressed walks in four di-
mensions also support our findings. For d = 4 the mean-field
value of the metric exponent is ν4 = 1/2 and we find that our
numerical estimates are consistent with νs = ν4 = 1/2 at the
critical point and νs = ν4/(ν4 + 1) = 1/3 in the compressed
phase. However, in addition to the same problems with the
scaling arguments as 3D walks, there are also logarithmic
corrections for d = 4 which complicates the scaling analysis
and our data are not in a position to properly investigate.

Finally, we compare to what is known about the scal-
ing of directed walk models with a compressing force.
Reference [27] also considered scaling of simple random
walks, which are relevant because the standard directed walk
model for d = 2 (i.e., Dyck paths) can be viewed as a one-
dimensional simple random walk. The prediction for this
model is an exponent νs = 1/3 in our notation. This value
is also predicted from the exact solution of a directed walk
model; although it is complicated for the compressed phase
where y < 1, the asymptotic scaling can be extracted [21].

While the prediction from scaling arguments gave a good
prediction for the leading-order exponent νs, it also predicts a
higher-order term 1/n for the average span in the compressed
phase. However, we found that this did not agree with our
data, at least for the range of n that we are able to simulate,
and thus the predicted relation between the coefficient and the
strength of the force does not hold. Of course, it is not unusual
to be unable to accurately detect higher-order scaling in Monte
Carlo data, especially in addition to the slow convergence
indicated by the presence of the exponential factor in Eq. (9).
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