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Abstract

We solve exactly a two-dimensional partially directed walk model of a semi-
flexible polymer that has one end tethered to a sticky wall, while a pulling
force away from the adsorbing surface acts on the free end of the walk. This
model generalizes a number of previously considered adsorption models by
incorporating individual horizontal and vertical stiffness effects, in competition
with a variable pulling angle. A solution to the corresponding generating
function is found by means of the kernel method. While the phases and
related phase transitions are similar in nature to those found previously the
analysis of the model in terms of its physical variables highlights various
novel structures in the shapes of the phase diagrams and related behaviour
of the polymer. We review the results of previously considered sub-cases,
augmenting these findings to include analysis with respect to the model’s
physical variables—namely, temperature, pulling force, pulling angle away
from the surface, stiffness strength and the ratio of vertical to horizontal stiffness
potentials, with our subsequent analysis for the general model focusing on the
effect that stiffness has on this pulling angle range. In analysing the model
with stiffness we also pay special attention to the case where only vertical
stiffness is included. The physical analysis of this case reveals behaviour more
closely resembling that of an upward pulling force acting on a polymer than
it does of a model where horizontal stiffness acts. The stiffness—temperature
phase diagram exhibits re-entrance for low temperatures, previously only seen
for three-dimensional or co-polymer models. For the most general model we
delineate the shift in the physical behaviour as we change the ratio of vertical to
horizontal stiffness between the horizontal-only and the vertical-only stiffness
regimes. We find that a number of distinct physical characteristics will only
be observed for a model where the vertical stiffness dominates the horizontal
stiffness.

PACS numbers: 05.50.4-q, 05.70.Fh, 61.41.4¢
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1. Introduction

The competition of a pulling force with an adsorbing potential at a wall on the behaviour of
single polymers in solution has been the subject of continued recent interest [5, 11, 13, 19,
21, 24, 32]. This has been in part due to the advent of experimental techniques able to micro-
manipulate single polymers [1, 33, 34] and the connection to modelling DNA denaturation
[7, 14-18, 22]. The addition of stiffness to a model of polymers in solution (semi-flexible
polymers), which adds an important ingredient to such modelling, has demonstrated non-
trivial and interesting results [8, 9, 12, 20, 27, 30] in a variety of contexts.

Over the past few years exactly solvable models of polymers attached to a wall in two and
three dimensions incorporating various aspects of adsorption, forces along (horizontal) and
away (vertical) from the wall and stiffness have been analysed [10, 23-26, 28].

In this paper, we model the stretching of a polymer in a dilute solution near an attractive
surface as a partially directed walk (PDW) in two dimensions, incorporating the individual
effects of both horizontal and vertical stiffness. While the inclusion of distinct horizontal
and vertical stiffness parameters is not motivated by previous experimental findings, such
a model generalizes a host of previously studied and unconsidered stiffness adsorption
models, providing the opportunity to understand the overarching effects of stiffness to polymer
adsorption.

We begin in section 2 by formally defining our model, building it up from the simple
adsorption-only case. We review the key findings of previously considered sub-cases of our
generalized model, particularly with respect to the model’s physical variables: T temperature,
F pulling force and 6 the pulling angle away from the surface.

In section 3, we establish a bijection between the class of allowed walks of any length
ending at a fixed height onto itself. This leads to a functional equation for the model’s
corresponding generating function, which is subsequently solved by means of the kernel
method 2, 4].

We then proceed to locate the radius of convergence of the generating function in section 4
as a function of the system parameters. We identify three relevant singularities in the generating
function that for different ranges of the system parameters give rise to the radius of convergence
and correspond to the adsorbed, desorbed and stretched phases of the system. This allows us
in section 5 to introduce and analyse a general stiffness model that incorporates proportional
horizontal and vertical stiffness. In particular, we specify a parameter r related to the ratio
between the potential energy attributed to vertical stiffness to horizontal stiffness ranging from
r = 0 which corresponds to a horizontal-only stiffness model, through r = 0.5 where we have
equal horizontal and vertical stiffness; and to r = 1 which coincides with a model having
only vertical stiffness. In instances where we either exclude or include pulling, we find that
for all 0 < r < 1 the general stiffness model exhibits a second or first-order adsorption phase
transition respectively, allowing us to conclude that stiffness effects do not alter the order of
the phase transition.

The form of the phase boundaries of the general stiffness model is delineated in section 6,
by first considering the previously studied equal (» = 0.5) and horizontal-only (r = 0) stiffness
models in sections 6.2 and 6.3 respectively, extending previous findings, by additionally
considering the effects of a variable pulling angle on the model’s critical behaviour. Specifically,
we find in both cases, for large enough stiffness, that an increase in stiffness increases the
range of pulling angles that can induce both adsorption and desorption given enough pulling
force.

In sections 6.4.1 and 6.4.2, we further study the sub-case of vertical-only stiffness (r = 1)
both without and with pulling respectively which has not previously been studied. We find that
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the behaviour of the vertical-only stiffness model with respect to its physical variables differs
significantly from previously studied stiffness models, with a stiffness—temperature critical
curve that exhibits re-entrance at low temperature and a decreasing slope for large enough 7.
This allows us to find an upper-bound on the potential energy attributed to vertical stiffness
beyond which no phase transition is observed. Moreover, while the inclusion of pulling shows
that an increase in stiffness similarly increases the range of pulling angles that can induce both
adsorption and desorption, we find differing characteristics compared to both the horizontal-
only and equal stiffness models, further highlighting the distinct nature of the vertical-only
stiffness sub-case.

Finally, understanding the extreme stiffness ratio sub-cases of the general model, we
proceed in section 6.5 to analyse the model for a general ratio 0 < r < 1. Specifically, we find
that the physical behaviour of such a model both with and without pulling is well represented
by the horizontal-only and equal stiffness cases when there is a greater energy attributed
to horizontal relative to vertical stiffness (0 < r < 0.5). In particular, for 0 < r < 0.5,
we again observe that an increase in stiffness, results in an increase in both the zero-force
critical temperature as well as the range of pulling angles that can induce both adsorption
and desorption given enough pulling force. This might suggest that when vertical stiffness
effects dominate (0.5 < r < 1), we should alternatively expect the general model to exhibit
behaviour that is similar to the vertical-only stiffness (r = 1) model. Indeed, we find that
when ignoring pulling, such a model exhibits a zero-temperature critical point along with a
maximal critical stiffness, agreeing with the vertical-only stiffness case. However, in contrast,
the model with pulling for 0.5 < r < 1 exhibits physical characteristics of both the horizontal-
only and vertical-only stiffness models for low and high stiffness respectively, with such
features attributed to the latter model dominating as r — 1.

2. Review and the model

2.1. Introduction of the physical parameters

Consider a walk along a square integer lattice that is composed of L steps. The walk begins at
the origin (0, 0), while a one-dimensional surface at y = O restricts the walk to lie in the upper
half-plane, Z x Zy,. Moreover, we require that the walk be partially directed, which imposes
the constraint that steps in the walk can only be in the (1, 0), (0, 1) and (0, —1) directions.
While partial-directedness restricts horizontal steps to lie only in the positive direction (1, 0),
we additionally require that the walk be self-avoiding solely to guarantee that a vertical step up
(down) is not immediately followed by a vertical step down (up). Finally, for computational
convenience, we require both the starting and ending steps of the walk to be in the positive
horizontal direction (1, 0). An example of an allowable walk meeting all our constraints can
be seen in figure 1. We will denote the class of such allowable walks of length L as W;.
Having defined which walks may be observed within our system, we can now define
physical variables along with corresponding Boltzmann factors that capture the desired effects
of polymer adsorption, stiffness and pulling. For a given walk w € W;, we start by defining
a surface visit step to be a step in w that lies along the surface y = 0. We attribute each such
step with a potential energy gain of —J, and thus if w contains k surface visit steps then the
overall energy change due to surface contacts is —k(w)J. This introduces a Boltzmann factor

k:=elT. (D
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Figure 1. An example of an allowed walk consisting of 8 horizontal and 11 vertical steps (total
length L = 19), ending at height 1. A force F at an angle 6 acts of the end of the polymer as
shown. The position of the final site of the walk is at (/,, hy) = (8, 1). Note, that both the starting
and ending steps must be horizontal. Here, we have k = 2 surface visit steps, £, = 3 horizontal
stiffness sites (filled circles) and £, = 7 vertical stiffness sites (circles with filled inner circles).
Thus, our overall Boltzmann weight for this configuration in our general model is Kzax3ay7 /LXS/Ly.

0.5

K

.
>

2 4

Figure 2. The adsorption only model: a plot of the order parameter M as function of the surface
contact weight k. The location of the critical point occurs at k. = 1 + ﬁ

For convenience we shall always normalize the Boltzmann constant kg to 1. The behaviour of
a model incorporating this surface contact energy can be described by introducing the limiting
average fraction of adsorbed surface steps of the polymer M as

M= lim <§> ®)

As such we can characterize the system as lying in a desorbed phase when M = 0, or an
adsorbed phase when M > 0. Indeed, earlier exact solutions to the adsorption-only model
featuring in [3, 6, 31] found that the model exhibits a second-order adsorption phase transition,
with a finite-jump discontinuity in the second-order derivative of the free energy (9. M /d«) at
the critical point as can be seen in figure 2.

Next, we define F' and 6 to be the pulling force and angle acting on the free end of
the polymer as is seen in figure 1. More precisely, we define —F as the change in elastic
energy due to the work performed by stretching the polymer over a unit distance, which we
decompose into corresponding horizontal and vertical contributions —F sinf and —F cos @,
respectively. Thus, if (hy, hy) € Z X Zx are the coordinates of the site in w that is right-most
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adjacent to the final step in the walk, then the overall energy change due to vertical pulling
is —hy(w)F sinf. Moreover, as our class of walks are partially-directed, w must consist of
h, positive horizontal steps and thus the overall energy change due to horizontal pulling is
—h,(w)F cos 6. Boltzmann factors

Wy = chosH/T (3)
and
My = eFSin@/T (4)

can then be defined. Such a model, along with variants, have been looked at extensively in
both two and three dimensions in [23, 24] and [28], with the latter providing a more in-depth
analysis with respect to the exactly solved model’s physical variables. It was observed that a
shift in the cross-over exponent occurs when a non-zero vertical force (u, > 1) is applied to
the end of the polymer, indicative of a change in the order of the adsorption transition. Indeed,
the transition was found to move from second to first order with the addition of pulling. By
introducing a second order parameter R to be the limiting average ratio of final step height to
polymer length, that is

R = lim <@> 5)

L—oo\ L

we can catalogue the phases of our system as

e adesorbed phase when M =R =0,
e a stretched phase when M =0, R > 0,
e while an adsorbed phase is observed when M > 0 and R = 0.

The change in the order of the adsorption phase transition with the inclusion of vertical
pulling is reflected in the system now shifting from a strefched to an adsorbed phase on
lowering the temperature, as is seen in figure 3. Therefore, the phase transition from desorbed
to adsorbed is second-order, as mentioned above, while the stretched to adsorbed transition is
first order: we will find this always holds true in our model.

In both [28] and [29], the inclusion of a variable pulling angle parameter allowed for the
possibility of a non-zero pulling force to alternatively induce adsorption for pulling angles
ranging from 0° to an upper-bound separating angle 6° ~ 26.6° for any non-zero pulling force,
as is seen in figure 4. Here, at the separating angle the curve exhibits a purely vertical slope
at zero force. Note, that any two critical curves at different pulling angles cannot intersect
each other at non-zero force. Thus, any force—temperature critical curve that lies immediately
to the right of the separating angle curve must have positive slope at zero-force, and will
moreover always continue to lie to the right of the separating angle critical curve for any
pulling force. Thus, indeed all angles between 0° and 6° will induce adsorption given enough
force. However, contrastingly, pulling a polymer at angles between 6* and 90° does not always
induce desorption for all pulling force. Firstly, we note that when 6 = 45°, the corresponding
force—temperature critical curve exhibits a purely vertical slope as F' — oo. Thus, given this
limiting behaviour of the critical curve pulled at 45°, curves that are pulled at angles between
the separating angle 6° and 45° can induce either adsorption or desorption depending on the
pulling force. A critical curve wedged within this pulling range must have a negative slope
at zero-force as it lies to left of the separating angle curve. However, its gradient can not
continue to be negative for all F as that would imply it would intersect the critical curve
corresponding to a pulling angle of 45°. Additionally, we assert that the slope of critical curves
at pulling angles below 45°, including the separating angle curve, must eventually be positive
for large F. At these angles, pulling a walk places a greater weight on horizontal relative to
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Figure 3. The model with vertical pulling and no stiffness effects: the critical curve for the
adsorption phase transition plotted in terms of (a) the Boltzmann factors w, (vertical pulling
weight) against « (surface attraction weight); and in terms of (b) the physical variables F (vertical

pulling force) against T (temperature).

vertical steps, favouring adsorption. Therefore, as the pulling force increases, so too must the
temperature for the system to remain in a stretched phase. An example of a critical curve that
induces both adsorption and desorption can be seen in figure 5 showing the effect of pulling a
polymer at 40° which lies between 9° &~ 26.6° and 45°. In figure 5(a) we expectantly observe
that the force—temperature curve lies to the left of the separating angle curve, exhibiting a
positive slope for large F. Indeed, such behaviour can be more clearly seen by restricting
the temperature domain in figure 5(b), where we additionally highlight the separation of the
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Figure 4. The model with pulling and no stiffness effects: the temperature—force critical curve at
different pulling angles. For each plot, starting from the right-most (purple) curve, the individual
curves corresponding to an upward pulling angle of 0°, 15°, 30°, 45°, 60°, 75° and 90° away from
the surface respectively. Additionally, the dashed curve corresponds to a separating pulling angle
of tan~!(1/2) ~ 26.6°. Note that the high temperature phase is desorbed when F = 0 and the
transition is second rather than first order.

phases, which is justified by plotting the order parameter M with respect to the physical
variables in figure 5(c). Thus, pulling a polymer at an angle between 0° up to 8° &~ 26.6° and
45° up to 90° induces adsorption and desorption respectively; while pulling angles between
6° up to 45° can induce both adsorption and desorption depending on the pulling force. We
note that the studied alternate model in [29] that weighted surface visit sites yielded analogous
behaviour.

In three dimensions, while the order of the transition remains unchanged, the physical
analysis of the model reveals that vertical (as well as near vertical) pulling results in critical
force—temperature curves that exhibit local maximum at low temperature—referred to as re-
entrance phenomena. Such phenomena has been justified by low-temperature approximation
arguments in [23, 24] and [28] that show that a positive slope in the critical force—-temperature
curve is due to the non-zero conformational entropy per adsorbed monomer. This re-entrance
type phenomenon has not been seen in two-dimensional homo-polymer lattice models.

Alternatively, to capture the effects of stiffness we define a horizontal and vertical stiffness
site as an internal site in w that lies between two consecutive horizontal and vertical steps
respectively. Note that thus a stiffness site cannot occur at the end-points of a walk. Similarly,
we attribute each horizontal (vertical) stiffness site with energy gains of —A, (—A,), so that
if w contains £, horizontal (£, vertical) stiffness sites then the overall energy change due to
horizontal and vertical stiffness is —¢,(w)A, and —£,(w) A, respectively. Boltzmann weights

Oy = ei/T (6)
and
oy :=eM/T @)

associated with stiffness are hence defined.
The model with surface energy and horizontal stiffness but no pulling was considered
in [25], showing that the adsorption transition remains second order when stiffness is added.
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Figure 5. Pulling the polymer at & = 40° away from the surface without stiffness. (a) The force—
temperature critical curve overlaid with the dashed separating angle critical curve. (b) A rescaled
plot of the critical curve labelled with the phases. (c¢) The order parameter M in terms of the

physical variables 7 and F.

However, horizontal stiffness does change the location of the critical point. Specifically, an
increase in the magnitude of the horizontal stiffness energy —A,, requires a greater critical
temperature to induce desorption as is seen in figure 6. Thus, loosely speaking, horizontal

stiffness aids the polymer in grafting itself to the attractive surface.

2.2. Our model
We are now in a position to define our generalized adsorption model that incorporates both

anisotropic pulling and anisotropic stiffness effects. Specifically, we define the Hamiltonian
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Figure 6. The adsorption model with horizontal stiffness and no pulling: the critical curve for
the adsorption phase transition plotted in terms of (a) the Boltzmann factors o (horizontal
stiffness weight) against « (surface attraction weight); and in terms of (b) the physical variables
A, (horizontal stiffness energy) against 7' (temperature).

‘H of the system to be
Hw) = —k(w)J — £ (w)A, — £y (w)Ax — hy(w)F cosO — hy(w)Fsinf, weWr, (8)

containing all the energies previously defined. Thus when normalizing the Boltzmann constant
kg to 1, the overall Boltzmann weight for a particular walk w is

e~ HW)/T _ Glk@)Y/T [ @)AN/T l6,@)A/T Glhe(w)F cos0)/T olhy(w)F sin0]/T

k(w) . £ y hy hy
=K (MGXZ. (w)oyt’, (w),va (w)My ,(w)’ 9)
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where we recall the Boltzmann factors to be defined as

_ eAx/T Fcos0/T Fsin0/T J)T
- ’ E) E)

Oy . Oy 1= CA"/T, MUy =€ My =€ K :=¢€ .

An example of the weight attributed to a particular allowed configuration can be seen in
figure 1.

Equipped with our Hamiltonian that associates walks in W, to Boltzmann weights, we
thus define the finite length partition function Z; as

Z1(Kk, 0y, 0y, e py) = Y K ooyt (10)
wEWL

and thus the limiting intensive (reduced) free energy of the system v is

1
V(K. 0v 0y, s py) = — lim —10g Z (i, 0%, 0y [, fLy)- Y
Next, we first introduce the generating function G defined as
G(Z; K, 0, Oy, s ) = ) Z1.(ic, O, Oy, s f1)2", (12)
L>1

where z is conjugate to the walk length L. We note the relation between the free energy ¥ and
the radius of convergence of G, is given by

VY (K, Ox, Oy, iy, by) = l0g 2. (K, O, Oy, [y, hy), (13)

where z.(k, 0y, 0y, Ly, ity) is the real and positive singularity of G(z; k, o, 0y, iy, [by) With
respect to z that is closest to the origin.

Similarly, we again characterize the phases of our system by the order parameters M and
‘R defined above, which we can be calculated as
IC 3 («, oy, Oy, Ky, My)

oK
_ dlogzc(k, oy, 0y, . y)
oK

M(K, Ox, Oy, [Mx, /»Ly) = -

(14)

and

0¥ (k, oy, Oy, Ux, /'Ly)
Ofhy

0logz. (i, 0x, Oy, [y, [Ly)

S . (15)
y aMy

Rk, 0y, Oy, [y, by) = —[hy

2.3. More previously considered cases

An exact solution to the generating function of the model with horizontal stiffness and variable
pulling (o, = 1) was found in [26]. It was emphasized there that while horizontal stiffness
does not change the order of the phase transition in the model with pulling (first order), it
most definitely has an effect on the shape of the critical force—temperature curve, as is seen in
figure 7. Specifically, an increase in horizontal stiffness results in a relatively larger (smaller)
force required to induce desorption (adsorption) at near vertical (horizontal) pulling angles.
We note that no re-entrance was observed.

A model with equal horizontal and vertical stiffness with variable angle pulling was
also studied in both two and three dimensions in [10], where once again it was found that
the order of the transition remains unchanged as first order. However, more interestingly,
an increase in equal horizontal and vertical stiffness still resulted in a greater temperature
required to induce desorption as is seen in figure 8, with these effects somewhat dampened

10
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Figure 7. The model with vertical pulling and horizontal stiffness effects: the critical curves plotted
in terms of (a) Boltzmann factors u, against « for fixed (starting right-most) o, = 1.1, 1.5, 1.8 and
2; and in terms of (b) the physical variables F against 7 for fixed (starting left-most) A, = 0, 0.5, 1.5
and 3.

relative to the horizontal stiffness-only case. Importantly, it was observed that in both two
and three dimensions, the zero-temperature critical vertical pulling force required to induce
desorption was independent of stiffness for o = 0, = 0, > 1. In particular, a low-temperature
approximation argument highlighted that this zero-temperature critical force is precisely the
magnitude of the surface contact energy J. Note, that these results do not hold when the model
favours bends in the walk (¢ < 1), whose behaviour at low-temperature was found to be
highly dependent on the particular stiffness weight. Again, no re-entrance was observed.
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Figure 8. The model with vertical pulling and equal stiffness effects: the critical curves plotted in
terms of (a) Boltzmann factors 11, against « for fixed (starting right-most) o = 1.1, 1.5, 1.8 and 2;
and in terms of (b) the physical variables F against T for fixed (starting left-most) A =0, 0.5, 1.5
and 2.

3. Exact solution of the generating function

Here, we follow the same approach as Osborn and Prellberg [28], who found an exact solution
to the generating function of the PDW adsorption model incorporated pulling but without
stiffness.

12
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Figure 9. A schematic diagram describing the bijective map that partitions VW, o—the class of
allowed walks ending at height 0.

Firstly, let W, be the subclass of allowable walks VWV, of length L that have final step
height h,. We define the fixed final height partition function F;, as

th O, Kk, Oy, oy, W) = Z Z /,LXhX(w)yd)'(w)Kk(w)UXZX(w)U},Z“'(W), (16)
L>1 wEWL},y
where y is conjugate to the number of vertical steps in the walk d,. Thus, the generalized
generating function F' can be defined as
F k6,00, 0y, o 1) = Y Fy (3, 6, 0, 0y, ). (17)
hy 20
Now, as L = h, + d,, we can map the generating function G defined at (12) to our generalized
generating function F by the simple relation

G(z; k, 0y, Oy, Wy, My) = F(z, K, oy, Oy, Zhx, My) (18)
and so it suffices to solve F' to find an exact solution to the generating function G.

In solving the generalized generating function F, we will define F(u,) :=
F(y, k, 0y, 0y, ix, [Ly), suppressing the first five parameters of the generating function.
Moreover, we denote Wy, to be the class of allowable walks of any length with final
step height A,.

Firstly, we observe that F'(0) = Fy which is the fixed final step height partition function
restricted to walks that end on the surface. With that in mind, we can establish a functional
decomposition for F(0). Recalling that both the first and final steps in any allowable walk
must be horizontal, we find a suitable bijection from the class of allowable walks of any length
ending on the surface W ¢ onto itself

Weo,0 <—> {single surface horizontal step } (19a)
U{Woo,o adjoined with a surface horizontal step } (19b)

U{Woo,hykl adjoined with hy, downward vertical steps
and a single surface horizontal step } (19¢)
which can be visualized schematically in figure 9. Thus, applying our bijection to F(0) we
have
F0)=F =k,
+ K puxor Ky
+ e Y {F o, B (20)
hy>1
which can be rearrélnged as

K
F(0) =k + K ix0,F + 2

D E o | —Fy
Oy =

Kk prloy + F (yoy)]

o 0y — K (050, — D’

2n
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@ T 09

Figure 10. A schematic diagram describing the bijective map that partitions the class of allowed
walks ending at any height, W, .

By a slightly more complicated construction, we can similarly find a functional
decomposition for general F'(u). For the class of allowable walks of both any length and
any final step height Wy o 1= U;,y>0Woo,hy, we have

Weo.0co <—> {single surface horizontal step } (22a)
U{Woo,h))l adjoined with a single horizontal step } (22b)
U{Woo,o adjoined with a single surface horizontal step } (22¢)

U{Woo,h})O adjoined with s > 1 vertical upward steps
and a single horizontal step } (22d)

U{Woo,h}gl adjoined with s > 1, s # hvertical downward steps

and a single horizontal step } (22e)

U{Woo,hy% adjoined with h, vertical downward steps

and a single surface horizontal step } (22f)

— {Weo,n,>1 adjoined with s> hy vertical downward steps
and a single horizontal step}, 22¢)

which we can similarly see schematically in figure 10. Thus, our functional decomposition for
F(p) is

F(uy) =y
+ o ) AF, I
hy>1
+ Kk 0, F (0)
+ m( Z{Fh_\,}uhy> (Z(w)%“”)
hy>0 s2>1

s hy
+ Mx|:( Z {th}/,Lhy)( Z <X> o'y(s—l)> _ ( Z {th}uhy <X> O-y(hy—l)>i|
hy >1 s>1 1% hy > "

14
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hy

y
+ Ky Z{th}ﬂhy(l> O'y(h"v_l)
hy>1 H

hy s
— I Z{Fh\}u’“v@) oy" Z(z> V). (23)
hy>1 ) K ' s>1 H '

Again, we can rearrange our expression to obtain

(ke — 1) My tx(ke — 1)(ox0y — 1)
K(u)F (1)) = ke + [ ~ F(yo,) + : F(0)
Oy My — Yoy Oy
(24)
where
xYiLy s
K()’, K, Oyx, Oy, Ux; /»Ly) = K(M\) = (1 — UxOx — 1 <Yy - Y ) . (25)
—YOyly My — YOy
Next, substituting (21) into (24) we obtain
k(k — D2 (g0, — 1)
K(y)F (1)) = iy + L
(0y — K Ux0x0y + K [hy)
k—1 k(k — D2 (o0, — 1
+F(0,) M ( )y n ( " (0r0y — 1) 26)
Oy Ky — Yoy Oy (Uy — K [Lx0x0y + K,bLX)

which has reduced the number of unknowns in the functional equation down to two—namely,
F (j4y) and F (yoy). The motivation for introducing the generalized generating function F (u,)
is now apparent as we can solve functional equation (26) by means of the kernel method.
Specifically, we observe that by choosing an appropriate value for ., such that the K (u,) = 0,
we can further eliminate F (u,) from our equation and thus determine F (yo,) exactly. Note,
that we are relying on the fact that F'(yo,) is independent of .

With that in mind, we find K (11, ) contains two roots with respect to u,. However, only one
of these roots is yields a solution to the generating function G that agrees with the combinatorial
interpretation of the generating function. We denote such a root as 1,,, where

wp (Y, Ox, Oy, y) = [1 — MxOx + yszyz + 2,[ny20'y - /‘nyzo-xo'y2

- \/ (1= s + 20,2 + 20020, — 113%0:0,2)” — 4(0yy + 1y — 030y 14y)?]
1

X . (27)
2[y0'v + Mxy(l - Uxa)')]
Therefore, setting (1, = 1, into (26) and solving for F'(yo,) we obtain
K(/J/ - yav)[(,uxox - 1)(7 - fo]
F(yoy) = & - > (28)

My + pple — 1) + kyoy(uyox — 1) — yie
and thus substituting (28) into (26) we find the exact solution to the generalized generating
function F () to be

F(y, k, 0y, 0y, Uy, [by)
Yk (py — ) Yoy iy — 1)y — oy (prox — 1)]

[/’Ly — MxOxlhy + y(1+ /’Ly2)[_ﬂx + Uy(//vxax - D]+ yzayﬂy(oy + 2y — anxay)]
1

" — 1)+ K=t + 0y (a0 — D)

(29)
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Finally, as we are after the generating function G, we recall relation (18) and thus

G(z; K, 0y, Oy, iy, hy) = F (2, K, Ox, Oy, Zfdy, Ly)
MXZZK (ty — vp) (zoypy — D[pyz — 0y (urzo — 1)]

[y — pazowpy + 2(1 + M)’z)[_ﬂxz + oy (uxzox — D] + ZzO‘yMy(Qv + 2,z — 1x20x0y)]
1

X , (30)
vyl — 1) + ze[—pxz + 0y (zoy — D]
where
Vp(2, Ox, Oy, hx) = Up(Z, O, Oy, Z[Ay)
=[1 = 1220y + 220y + 214,20y — (1,27 0,0y°
_\/_4(Z0y + /‘szz - /szzo-xo-y)z + (1 — pyzo, + Z20-y2 + 2sz30y - sz3o'xo'y2)2]
1
(31)

X .
2[20}’ + szz(l - GxG}’)]
Indeed, expanding our solution to the generating function to attain the first few coefficients

yields

G(z; K, 0y, Oy, hy, fy) = UrKZ

+ 20w
+ gk (ptty + a0’ c?)
+ Wik (/'szﬂyax + /'Lx.uyzo-y + szﬂyaxK + HX3GX3K3)Z4 + O(ZS) (32)

as expected.

4. Singularity analysis

We begin by first decomposing the generating function G defined at (30) as a combination of
polynomial functions in z. Let
A(Z; Kk, Ox, Oy, oy, Iy) = a2k (20y 1ty — D12z — 0y (1az0x — 1],
B(z; 04, Oy, Jx fy) = [y — xZ0xfby + 2(1 + ") [ = ez + 0y (20, — 1)]
+ 220y 1y (0y + 202 — [x2050y),
C(z; K, Ox, Oy, phx) = ZK[—pyz + 0y (20 — D],
a(z; oy, oy, ) = | — 2oy + 220y + 2,20y — [1,20,0,%,
b(z; 0%, 0y, ) = =420y + 2 — [1,2°0,04)°
+ (l — UyZ20x + zzayz + 2uxz3 oy — /sz3axay2)2 and
d(z; 0x, 0y, 1) = 2020y + 2 (1 = 0x0y)], (33)
which by inspection of (30) and (31) as well as some algebraic manipulation gives us
A @upy — (az) — Vb())] LG4
B(2)[(a(z) — vVb(@)(k — 1) +d(2)C(2)]

Here, we find that the generating function G contains a square-root singularity that is given
by the smallest root of b(z; oy, 0y, i), which corresponds to the system lying in a desorbed
phase. Thus, we denote this root as z4 (o, oy, 1) Where,

G(z; k, Oy, Oy, [y, [y) =

MxOx + Jy - \/8Mx + M)ZCO-XZ - zﬂxaxo}' + O'yz

24 (0, Oy, ) = (35)

2y (Uxay -2)

16
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Additionally, we find that G exhibits two simple poles that are determined by the smallest
roots of B(z; oy, 0y, [y, ty) and D(z; k, 0y, 0y, [Ly), corresponding to the system lying in a
stretched and adsorbed phase respectively, where

D(z; Kk, 0y, 0y, Jby) = [a(z) — VD()](k — 1) +d(2)C(2), (36)

and so we denote these roots as z;(0y, 0y, iy, ty) and z,(k, Oy, Oy, [1,). Moreover, it is easy to
check that when p, = 1, z4(oy, oy, 1y) is also a root of B(z) and that the roots of B(z) are a
strict subset to those found in b(z). Thus, in this instance z,4(oy, 0y, (1y) iS a divergent square
root singularity as it is the smallest root of both B(z) and b(z). This means that for any restricted
model that ignores vertical pulling by setting 11, = 1, we only need to compare z,4(0x, 0y, ftx)
with the smallest root of D(z), z4(k, 0y, 0y, tix), to determine the overall smallest singularity
Z¢(k, O, Oy, [y, ity) Of the generating function G. Conversely, when u, > 1, we find that
Zs < zq and so the competition of finding z. lies solely between the stretched z; and adsorbed
z, singularities. Thus, for the purposes of our physical analysis, where we are particularly
interested in a non-zero pulling force F at a non-zero pulling angle 6 (i.e. u, > 1), we aim
to find the critical surface in terms of F, 6, A, and A, that describes when the stretched and
adsorbed singularities coincide.

Now, determining z; and z, explicitly is not possible. However, if we are interested
in where they become equal, it proves to be fruitful to firstly express the solution to
D(z; k, 0y, 0y, tx) = 0 implicitly in terms of «, which we denote as ¥ = k,(z4; Ox, Oy, [lx),

where
_ 2 2
(25 07,0y ) = —— D VHE I (37)
n(z) —2m(z)” — vn(z)” — 4m(z)
with

n(z) :=n(z, py, 0y, 0y) = 1 — 1,002+ 0},2z2 + (2ur0y — uxoxayz)f
m(z) 1= m(z, iy, Ox, 0y) = 032+ (1 — 0,0, 127, (38)

and secondly similarly express the solution of B(z; «, oy, 0y, iy, ity) = 0 implicitly in terms
of uy as puy = ps(zs; oy, 0y, phy) Where

n(z) + v/n(z)* — 4m(z)*

Ws(Z; Ox, Oy, [hy) = B (39
m(z)
Considering first (37) we have
1 1_ 2m(z)
Ka(2) n(z) — Vn(z)* —4m(z)’
Ka(2) nz) —Vn@)* — 4m()*
= = 4
1 —x,4(2) m(z) 2m(z) “0)
and thus multiplying (39) with (40) we get
@ x 9@ o[ n@ Vn@? —4m@)? || 0@ —Vn@? - 4me)?
T e ™ 2m(z) 2m()
_ n@? = n@)? +2m()
B 2m(z)
=1. 41)
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Solving (41) for z gives us two solutions, with the unique combinatorially relevant solution
denoted as z,—, («, Oy, Oy, [y, [Ly) being

kyoy — \/Kzﬂyzoyz — 4(=1 + k) (=K pxfby + K [Lx[Ly0xOYy)

s=a (K» Ox, Oy, [y, ,uv) = (42)

2(_Kﬂxﬂ’y + Kﬂxﬂyaxoy)
and thus finally our critical surface can be defined as a function of 1, by substituting (42) into
(39) to get

Ms:a(ax’ Oy, Mx): = My (Zs:a; Oy, Oy, ,ux)

2 2
1(Zs—=q, tx, Ox, 0y) + \/n(zm, My, Oy, 0y)" — 4m(Zs—q, iy, Oy, Oy)

2m(Zs=aa Mx, Ox, Uv)
(43)

which is a function expressed solely in terms uy, o and o,. Recall, that these factors are
themselves defined solely in terms of the physical variables and so we have indeed reached our
objective of describing the critical surface only in terms of 7', F and 6 (as well as the stiffness
energy variables).

5. Phase transitions of the general stiffness model

To describe our general stiffness model we introduce a ‘stiffness ratio’ r € [0, 1] and stiffness
strength A, with the latter variable partitioned into its respective horizontal and vertical
components so that

A, = (1 — r)A and equivalently o, = ™" (44)
and
Ay = rA and equivalently o, = ¢’ (45)

respectively. We now proceed to show that both without and with pulling, the order of the
adsorption phase transition remains unaffected for any stiffness ratio 0 < r < 1.

5.1. Phase transitions without pulling: 0 <r <1, uy = p, =1

Looking first at when ©, = u, = 1, we perform our parameter substitution into (35), where
the desorbed singularity becomes

o (0¥ +0 — o —2(—4+0)0¥ +02)

) = 46
2(0, 1) Crte) (46)
while our implicit solution to the adsorbed root z, (37) is
2 2
V@ = dmG)?
ko(z;0,7) = ne) Zn(z) 2m(z) = 47)
n(z) —2m(z)” — v/n(z)” — 4m(2)
where
n@z) :=n o0,r)=1+726" —z20'"" + 220" — 2o,
(48)

m(z) :=m(z,0,r) = z0" + 72 — 0.

Thus, both singularities (46) and (47) coincide when «,—4 (0, 1) 1= k,(z4; 0, F).
Now, fixing 0 < r < 1, it can be shown that for any o0 > 1, k,(z; 0, r) is a strictly
decreasing function of z in the region 0 < z < z4(o, r). This means that for « > k,—4(0, 1),

18
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zq4(k, o, r)is smaller than z; (o, r) and so we can finally describe the overall smallest singularity
z.(k,0,1) as

zq(o, 1) K < Ka=q(0,T)
Za(KaGar) K>Ka:d(0',r)

z.(k,0,1) = { (49)
and we are now in a position to find the average fraction of adsorbed steps M. Recalling the
description for the order parameter at (14) we observe that as z; (o, r) is independent of «,
M = 0when k < k4—yq(o, 7).

Now for the case where « > x,—4(0, r), as we do not know z,(k, o, r) explicitly, we
instead aim to describe the asymptotic behaviour of M near the critical point z; as z 1 z7 and
thus « | «,. Firstly, expanding our implicit function D(«x, o, r) = 0 defined at (58) around the
point z = z4, we have

n(zg;0,1) +¢1(z,0, )74 — 2

n(zg: 0, 1) — 2m(zq; 0, r)> + O(zg — )2’

Ka(z;0,7) ~

21 24, (50)

where ¢ (z; o, r) is a non-zero algebraic function of z, o and r. Moreover, as

n(zq; 0, 71)

n(zg; o, 1) — 2m(z4; 0, 1)?

Ka=d (0, T) = 61V

we can simplify (50) to become

kKa(z;0,1) —Kazq(O, 1) R C1(2;0,)V2a — 2, 271 24 (52)

and thus solving for z we can describe the behaviour of z,(«, o, 1) 1 z4(0o, r) ask | ky—q(0, 1)

1
2=2 % 20 — ——— k(5 0, 1) = Kgma (0, 1) (53)
C (Z; g, r)

which allows us to conclude that

(54)

0l ” 02z,
¢lin} )M(K,O‘,V)=—K< 082 x 2% ):O.
K Kkgeq(o,r

024 oK
Therefore, M is continuous around the critical point and so we do not observe a first-order

phase transition. However, when we consider the first derivative of M with respect to k as
K | Kkg=q(o, r) we find

lim
K\ Ka=a(0,1) K

IM(k,o,r) d?logz, 9%z,
_— = —Kk | —— X
07,2 k2

) = (2, My, 7) (55)

where again ¢, (z, Uy, ¥) is a non-zero algebraic function of z, o and r. Thus,

8M(K707r)_{0 K<Ka:d(6,r)

56
Kk (z,0,1) K> Keq(o,T) (56)

implying that we have a finite-jump discontinuity at the critical point. Moreover, as 9 M /d«k is
a second derivative with respect to the free energy, we conclude that the general stiffness model
with no pulling exhibits a second-order phase transition for any stiffness ratio 0 < r < 1.
Indeed, figure 11, plotting M against « for a range of different stiffness ratios displays our
conclusion. Here, we observe that as r increases, k,—4 also increases, as a larger weight placed
on vertical stiffness sites implies that a greater surface contact weight « is required to induce
adsorption. Finally, note that as we are ignoring vertical pulling, our second order parameter
‘R, which we recall is a first derivative with respect to iy, is thus in this instance O over the
entire considered domain.
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A

M

0.5

-

2 4 K

Figure 11. The general stiffness model with no pulling: M against « for fixed o = 1.5. The
stiffness ratios, starting from the left-most (purple) curve and moving right are r = 0, 0.2, 0.5, 0.8
and 1. For each considered stiffness ratio, the order parameter is continuous but not differentiable
at the critical point and so we observe a second-order adsorption phase transition.

5.2. Phase transitions of a general stiffness model with pulling: 0 < r < 1, u, > 1 and
My > 1
We now additionally incorporate the effects of both horizontal and vertical pulling by letting

iy > 1 and u, > 1 respectively. Here, the desorbed singularity z, defined at (35), which is
independent of p,, becomes

a”(azr + oy — o —2(—4+0)o ¥, + azuf:)

24(0, py, 1) = Y
2(0. 1) o (57)
with our implicit solution to the adsorbed root z, with respect to « is
n(z) —Vn()* — 4m(z)*
Ka(Z; 0, phx, 1) = > > > (58)
n(z) —2m(2)” —v/n(z)” —4m(z)",
and finally the solution to the stretched singularity z; with respect to p,, is
n(@) + V@)’ —4m(2)’
Ms(z; O, Uy, r) = (59)
2m(z)
where
n(z) :=n(z,0, e, 1) =o' + 220" — 2o, — 2 (=2 + 7)o", )

m(z) :=m(z, 0, iy, 1) = 20" (6" + (2 — 20) ).

Again, one can similarly show that Yu, > 1 and fixed 0 < r < 1, u, is a decreasing
function of z, implying that z; < z4. Thus, as we have previously established in section 5.1
that «, is a decreasing function of z and moreover that z;(o, 1y, it,) is independent of «, then
that implies that the closest real and positive singularity z.(k, o, ftx, [y, ) is given by

Z5(05 Py Uy, 7). K < Ka=5(0, [y, T) 61)
Z2a(K, 0, hy, T), K > Ka=s(0, Wy, T)

with k,—; (0, Wy, 1) 1= Kkq(Zs; Oxs Iy, 7). Considering the order parameter M, we observe that
as 7,(0, [Lx, iy, ), is independent of «, we have M = 0V« < k,—(0, iy, r). Moreover, as

ZC(Kv o, l‘l’xa I'Lya r) = {

20
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Figure 12. The general stiffness model with both horizontal and vertical pulling: (a) M against
« and (b) R against u, for fixed o = 1.5, u, = 1 over a range of different ratios r. Specifically,
the stiffness ratios, starting from the (a) left-most (purple) curve and moving right as well as
(b) bottom-most (purple) curve and moving upward are » = 0, 0.2, 0.5, 0.8 and 1. For each r, both
order parameters exhibit a finite-jump discontinuity at the critical point x,—s and p,—s when fixing
1y and « respectively. Thus, we observe a first-order adsorption phase transition.

the singularity z,(x, o, iy, 1) is independent of p,, the functional behaviour of M remains
unchanged over the region k¥ > k,—(0, Wy, r) relative to the no pulling case. Thus, the
desorbed region where M = 0 has now increased from 0 < k < ku—q(0, Uy, 1) tO
0 < k < ku=s(0, py, r); while the adsorbed region where M is non-zero has conversely
decreased from x > ku—y(0, iy, 7) t0 kK > Kku—s(0, g, r). Moreover, we find that for
K > Koeq(o, 1y) (z < zg) and fixed 0 < r < 1, M is non-zero and thus exhibits a
finite-jump discontinuity at the critical point k,—(o, iy, ) as can be seen in figure 12(a).
In fact, our inclusion of the secondary order parameter R described at (15) helps to easily
distinguish between a first and second order adsorption phase transition, as we should now
expect R to be non-zero for values of x < k,—(0, iy, 7). Indeed, by use of the implicit
expression g at (59) for the stretched singularity z;, an almost identical approach employed
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in finding M shows that additionally, the limiting average ratio of final step height to polymer
length R(k, 0, iy, [y, r) exhibits a positive finite-jump discontinuity at the critical point as
is observed in figure 12(). Thus, overall, we conclude that for any stiffness ratio 0 < r < 1,
the system is in an adsorbed phase when k > k,—; as M > 0, R = 0; while we observe a
stretched phase when k < k,—yas M =0, R > 0.

6. Phase diagrams and physical analysis

6.1. Introduction

In section 5, we introduced the general stiffness model with a stiffness ratio r ranging from
r = 0 (horizontal-only stiffness) up to r = 1 (vertical-only stiffness), finding that the order of
the adsorption phase transition is consistent for all ratios 0 < r < 1. We now proceed to analyse
this model with respect to its physical variables, and show that in this regard, the model’s
behaviour is dependent on the stiffness ratio. Specifically, we will be particularly interested
in the critical behaviour of the general stiffness model for a non-zero pulling force away from
the surface (i.e. F > 0). From section 4, we know that this translates into considering the
critical surface u,—, (43) that describes when both the adsorbed z, and stretched z, dominant
singularities coincide as a function of F, T, 6 as well as the stiffness variables A, and A,.
Thus, with respect to the general stiffness model, the critical surface is expressed as

Ms=a (0, thx, 1)+ = s (Zg=q’ O, hx, T)
2 2
_ n(Zs=q) + \/n(Zs=a) — 4m(zs=y)
2m(Zs=a)
with n(z) = n(z, 0, iy, r) and m(z) = m(z, o, K, r) expressed in (60), while the point
where the adsorbed and stretched singularities coincide becomes

= ( » M ’ ’ ) 2(K ) ( )
Zs=alK, O /-'Lx /-’L L 63
g K,0 I"l’y \/‘C/J'V[‘Cvo :u“)’ Ilu’x(‘c 1)(0 1)]'

(62)

6.2. Equal horizontal and vertical stiffness with pulling: r = 0.5, variable 6

We first look at the previously considered case, described in section 2, and considered in
[10], where the model places equal weight on both a horizontal and vertical stiffness site
(oy=0y=0>1,A, =A,=A >0, ie r=0.5). Here we explore further the analysis in
terms of the model’s physical variables for a non-zero pulling force. Substituting » = 0.5 into
(62) we find an expression for the equal stiffness critical surface that describes when both the
stretched and adsorbed dominant singularities coincide. Now, one approach to visualize this
surface can be attained by fixing both —A and 6, giving us a curve in T and F. Specifically,
in figure 13, for each fixed A = 0.2, 1, 2 and 3, we overlay these force—temperature critical
curves at fixed 6 = 0°, 15°, 30°, 45°, 60°, 75°, 90° on the same plot, allowing us to describe
how both the stiffness and the pulling angle individually affect the adsorption transition.

Looking at figure 13, we immediately observe that for each considered case (a)—(d), all
critical-curves intersect when there is no pulling force. This is unsurprising, as the location of
the phase transition should be independent of the pulling angle when force is zero. Moreover,
by recalling our singularity analysis for the general stiffness case with no pulling in section 5.1,
we can express the location of the zero-force adsorption phase transition implicitly in terms
of T, denoted as T}, to be

s _ L5y 1 — v/2sinh (A/T§) '
1 + /2 cosh (A/T§)

2

(64)
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Figure 13. The general stiffness model with r = 0.5 (equal stiffness) and both horizontal and
vertical pulling: The force—temperature critical curve at different upward pulling angles with the
stiffness attractive energy A fixed at (a) 0.2, (b) 1, (¢) 2 and (d) 3. For each plot, starting from
the right-most (purple) curve, the individual curves corresponding to an upward pulling angle of
0°, 15°,30°, 45°, 60°, 75° and 90° away from the surface respectively. Additionally, the dashed

critical curve corresponds to pulling a polymer at the separating angle.

In particular, we find (a) T_,, ~ 1.9359, (b) T_, ~ 2.2262, (c) T;_, ~ 2.6123 and (d)
Tx_5 ~ 2.9985. Recall, that for T < T, our model is in an adsorbed phase, while for T > T
we are conversely in a desorbed phase. Thus, from our examples in figure 13, we observe
than an increase in A results in a higher temperature required to move from an adsorbed to a
desorbed phase.

Understanding the zero-force case, we are now in a position to interpret the critical
curves when there is a positive upward pulling force. Recall in our review in section 2 that a
separating pulling angle 63 _, ~ 26.6° was found for the model with stretching but no stiffness
effects, resulting in a critical force—temperature curve that exhibited an infinite slope at zero
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force. Moreover, we established that a critical curve that lies immediately to the right of the
separating angle curve describes the force required to definitely induce adsorption for a given
temperature 7. Here, for the examples in figure 13 we find the separating angles to be (a)
03_0, ~ 28.5765°, (b) 05 _, ~ 35.9909°, (c) 05_, ~ 43.4819° and (d) 03 _5 ~ 40.8728° as
seen in figure 13. Therefore, we observe for cases (a) up to (c), that an increase in stiffness
increases the separating angle, thereby extending the range of pulling angles from 0° to 63
which will definitely induce adsorption given enough force. However, this trend does not
continue for all stiffness values, as we instead observe a decrease in the separating angle
from A = 2 to A = 3, implying the existence of an angle 6;,. that is a maximum for all
stiffness A > 0. In fact, we find that 6;,, = 45° when A ~ 2.23944. Thus, a pulling force
whose vertical component is larger than its horizontal counterpart can never induce adsorption
irrespective of the level of stiffness. Moreover, as per the model with no stiffness introduced in
section 2, we again claim that the slope of the force—temperature critical curve corresponding to
a pulling angle of 45° must be vertical for large F' as the inclusion of equal stiffness simply aids
surface contacts in counter-balancing entropic effects at the critical point. Thus, eventually,
the location of the transition point as we increase force at a pulling angle, which consists of
an equal horizontal and vertical component, should not be dependent on temperature. Given
this similar behaviour in the critical curve with a corresponding pulling angle of 45°, we again
also find that curves with a pulling range between 67 up to 45° can induce both desorption
and adsorption for low and high pulling forces respectively. More interestingly, we find that
as A — oo, 03 — 0°, implying that as we increase stiffness, a larger range of pulling
angles can induce both desorption and adsorption. While such behaviour may seem counter-
intuitive, it’s important to stress that pulling a polymer at these predominantly horizontal angles
only induces desorption within a relatively small range of pulling forces, with such a range
moreover decreasing as we increase stiffness. Indeed, we can see this more clearly in figure 14
by plotting critical curves at a fixed pulling angle of 8 = 43° over a range of different stiffness
values. Here, starting from the left-most critical curves in figure 14(a) that correspond to a
stiffness A of 0.2 and 1 respectively, we observe that both curves can induce both desorption
and adsorption, agreeing with our findings for the separating angle. For the third and fourth
leftmost critical curves that correspond to A = 2 and 3 respectively, as 03 _, ~ 43.4819° and
035 ~ 40.8728°, we should observe a shift from a critical curve that induces only adsorption
to a curve that induces both adsorption and desorption. By re-plotting our curves over a
smaller temperature region in figure 14(b), we can in fact observe precisely this behaviour.
Thus, comparing A = 2 and 3, there is an increase in the critical force—temperature stretched
region. However, we note that for the critical curve corresponding to a stiffness A = 3,
that the region that can induce desorption is a small sliver relative to the cases A = 0.2
and 1 which further diminishes as we increase stiffness. Thus, while increasing stiffness
increases the range of pulling angles that induce both adsorption and desorption, the maximal
force that will cause desorption decreases between the pulling angles 6° and 45° for large,
increasing A.

6.3. Horizontal-only stiffness with pulling: r = 0, variable 0

In this instance, we substitute » = 0 into (43) to express the horizontal-only stiffness critical
surface for a non-zero pulling force. As per the case of equal horizontal and vertical stiffness,
we plot the force—temperature critical curves in figure 15 over arange of fixed values for A, and
0. From figure 15, we again observe that an increase in A, increases the location of the critical
temperature 7y , which translates to an increased temperature region over which the model is
in an adsorbed phase; agreeing with [25]. More precisely, we find that the zero-force adsorption
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Figure 14. The general stiffness model with r = 0.5 (equal stiffness) and both horizontal and
vertical pulling: The force—temperature critical curve at a fixed pulling angle of 6 = 43° for a
range of different stiffness values. (a) Starting from the leftmost (purple) curve, A = 0.2, 1,2
and 3. (b) The same plot restricted to the region 2.5 < T' < 3, excluding the critical curve with
corresponding stiffness A, = 0.2. Additionally, the corresponding dashed vertical line extends out
from the zero-force critical temperature to aid visual inspection of the shape of the critical curve.

transitions occurs at (a) T&:o.z ~ 2.033 86, (b) TAC(:1 ~ 2.67448, (c) T&zz ~ 3.43226 and
(d) Ty _; ~ 4.149 35. Thus, compared to the case of equal horizontal and vertical stiffness, a
greater weight attributed to a (horizontal) stiffness site results in a greater positive change in the
location of the zero-force critical temperature. Moreover, as per the case of the equal stiffness
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Figure 15. The general stiffness model with r = 0 (horizontal-only stiffness) and pulling: The
temperature-force critical curves at different upward pulling angles with the stiffness attractive
energy A fixed at (a) 0.2, (b) 1, (¢) 2 and (d) 3. For each plot, starting from the right-most (purple)
curve, the individual curves corresponding to an upward pulling angle of 0°, 15°, 30°, 45°, 60°, 75°
and 90° away from the surface respectively. Additionally, the dashed critical curve corresponds to

pulling a polymer at the separating angle.

model, we similarly find the separating angle 6} for the particular examples in figure 15,
which we recall specifies the range of pulling angles from 0° up to 63 that definitely induce
adsorption given enough force. Recalling that 6§ _, ~ 26.6°, we find (a) 63 _,, ~ 28.3387°,
(b) 9&:1 ~ 33.6499°, (¢) 9&:2 ~ 37.741° and (d) 9&:3 ~ 40.3427°. Here, for cases (a) to
(c) we interestingly observe a dampened increase in the separating angle relative to the equal
stiffness model. Naively, we might assume the horizontal stiffness model to exhibit a relatively
greater positive rate of change in 63 as we increase A,, due to the absence of any vertical
stiffness. However, by a similar argument as per the case of the equal stiffness model, we
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again claim that pulling angles between ¢, and 45° induce both desorption and adsorption for
low and high pulling forces respectively. Thus, as we increase (horizontal) stiffness we see a
relatively smaller change in the range of pulling angles that can additionally induce desorption.
Moreover, despite observing an increase in the separating angle from (c) to (d) when A, = 2
and A, = 3 respectively, we again find that this trend does not continue for all A,, with
a maximal separating angle 6, = 45° occurring when A, ~ 6.76076. Additionally, we
similarly find that as Ay — oo, 83 — 0°. Indeed, to display this behaviour, we plot critical
curves in figure 16 at a fixed pulling angle of & = 44° over a range of stiffness values,
with (starting left-most) A, = 0.2, 3,6 and 8. Here, we do observe an initially increasing
separating angle, with the curves corresponding to A, = 0.2 and 3 inducing both adsorption
and desorption, while figure 16(b) highlights that the separating angle 6} _¢, > 44° and
thus pulling at such an angle can only shift the system from a desorbed to adsorbed phase.
However, a large enough stiffness does result in a decreasing separating angle as seen in
figure 16(c), where we plot the critical curve corresponding to a stiffness A, = 8 over a
restricted temperature domain, showing that once again a pulling force at such an angle can
induce either adsorption or desorption. Thus, as per the equal horizontal and vertical stiffness
model, eventually, an increase in horizontal stiffness increases the range of pulling angles that
can induce both adsorption and desorption. However, as with the case of equal stiffness, the
critical force—temperature stretched region does not continue to increase for increasing A,.
In fact, while 6} does decrease for large stiffness, only an increasingly narrower range of
relatively low pulling forces and temperatures are able to induce desorption.

6.4. Vertical-only stiffness: r = 1

6.4.1. Vertical-only stiffness and no pulling: r = 1, F = 0. The model that incorporates
vertical stiffness only (r = 1) has not previously been studied within the literature. Thus,
we will first consider such a model that ignores pulling (F = 0). Now, we have already
established in section 5.1, that the general stiffness model with no pulling exhibits a second-
order adsorption phase transition for any 0 < r < 1. Therefore, we immediately know that
the vertical-only stiffness model similarly exhibits a second-order phase transition. Further
analysing this sub-case, we plot the phase diagram both in terms of the Boltzmann factors
and physical variables in figure 17. Comparing the critical stiffness—temperature curve in
figure 17(b) against the force—temperature critical curve in figure 3(b) we observe curves that
exhibit similar functional behaviour, that are in direct contrast to the observed phase diagram
for the case of horizontal only stiffness in figure 6(b). Here, an increase in vertical stiffness
places a greater weight on polymer configurations with a higher number of consecutive vertical
relative to horizontal steps. Even though a stiffer polymer results in less entropy, in this instance,
as we increase vertical stiffness, we are more likely to observe configurations consisting of
predominantly vertical steps that are normal to the adsorbing surface. Indeed, the system is
only adsorbed when both temperature and stiffness strength are low: see figure 17(b). At zero
temperature there is a phase transition at stiffness strength A = 1. Thus, loosely speaking,
vertical stiffness affects a polymer more like an upward pulling force than like horizontal
stiffness. In figure 17(b), there is an additional feature of re-entrance associated with the
critical stiffness—temperature curve as the temperature is increased at fixed stiffness strength:
for fixed stiffness strengths A, just larger than 1 the system starts in a desorbed phase near
zero temperature moving through the adsorbed phase at intermediate temperatures and then
moving back to the desorbed phase at high temperatures. There is an observed maximum in
the stiffness—temperature curve implying that there exists an upper bound on vertical stiffness
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Figure 16. The general stiffness model with » = O (horizontal-only stiffness) and both horizontal
and vertical pulling: The force—temperature critical curve at a fixed pulling angle 6 = 44° for a
range of different stiffness values. (@) Starting from the leftmost (purple) curve, A, = 0.2,3,6
and 8. (b) The same plot restricted to the region 6 < T < 6.5, showing only the critical curve
with corresponding stiffness Ay = 6. (¢c) Again the same plot with 7.2 < T < 7.4, now only
showing the curve with stiffness A, = 8. For all three figures, the corresponding dashed vertical
line extends out from the zero-force critical temperature to aid visual inspection of the shape of
the critical curve.

A,* beyond which the system exhibits no phase transition on varying the temperature. Hence
there is re-entrance for all fixed 1 < A, < A,*, where vertical stiffness aids adsorption.
Specifically, in this instance when normalizing the attractive contact energy J = 1 we
find A,* ~ 1.0534. Moreover, as vertical stiffness otherwise promotes desorption, a physical
argument for why such re-entrance in this instance is observed would be of interest. Thus,
overall, while we conclude that in the case of vertical stiffness with no pulling, the model
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Figure 17. The general stiffness model with r = 1 (vertical-only stiffness) and no pulling: the
system phase diagram plotted in terms of the (@) Boltzmann factors oy against «; and in terms of
(b) the physical variables Ay against T'. Note the re-entrance for finite 7" in (b) for any stiffness
strength Ay just greater than 1.

exhibits a second order adsorption phase transition; the physical behaviour of this model is
distinct from previously studied stiffness models with stiffness ratios » = 0 and 0.5.

6.4.2. Vertical-only stiffness with pulling: r = 1, variable 6. Recall in section 5.2, that
we similarly determined that the general stiffness model with pulling exhibits a first-order
adsorption phase transition for any stiffness ratio 0 < » < 1. Thus, we consider the physical
analysis of the model, substituting » = 1 into (43) to describe the vertical-only stiffness critical
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Figure 18. The general stiffness model with r = 1 (vertical-only stiffness) and both horizontal and
vertical pulling: The temperature-force critical curve at different upward pulling angles with the
stiffness attractive energy A, fixed at (@) 0.2, (b) 0.8 (c) 2 and (d) 3. For each plot, starting from
the right-most (purple) curve, the individual curves corresponding to an upward pulling angle of
0°, 15°,30°, 45°, 60°, 75° and 90° away from the surface respectively. Additionally, we plot the
dashed critical curve that corresponds to pulling a polymer at the separating angle (where possible).

surface for a non-zero pulling force. Here, we again plot the force—temperature critical curves
in figure 18, fixing both A, and 6 over a range of considered values. We find the location of
the zero-force critical temperatures to be: (a) 7§ _,, & 1.763 14 and (b) T} _,¢ ~ 1.29985;
while for cases (c) and (d) where A, = 2 and A, = 3 respectively we observe no zero-force
phase transition. This reaffirms our finding in section 6.4.1, where it was indeed observed
that the system exhibits no transition for A, > A,* ~ 1.0534 when normalizing the surface
contact energy —J = —1 and ignoring pulling. Thus, we can only find the separating angle
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for cases (a) and (b) where GA 02 ™ 26.6743° and 9& —og ~ 25.9689° respectively. By
an exact argument seen for the ‘model with no stiffness effects in section 2, we again claim
that the force~temperature critical curves at corresponding pulling angles between 0° and 63
describe the force required to definitely induce adsorption. Thus, we observe that an increase
in vertical stiffness decreases the range of pulling angles that are guaranteed to shift the system
from a desorbed to adsorbed phase given enough pulling force. Moreover, we similarly find
that pulling a polymer between the angles of 6} up to 45° can induce either adsorption or
desorption. However, for A > A,*, we no longer observe a zero-force critical temperature
nor separating angle, with the system lying in a desorbed phase for all T > 0, F = 0. In this
instance, we require a pulling angle below 45° where the horizontal force pulling component
is greater than its vertical counterpart in order to observe a critical point as is seen in figures
18(c) and (d). Specifically, when A > A, any pulling angle below 45° will be capable of
inducing adsorption given a large enough pulling force.

Note, that we have only thus-far considered the two instances where A, < 1 and
Ay > A,*. However, it was found in section 6.4.1 that the zero-force phase diagram with
respect to A, and T exhibits re-entrance, resulting in the existence of a lower and upper
critical temperature Tg"vl and Tg’v” respectively for fixed Ay in the range 1 < A, < A}

when J = 1. In the temperature range TAC’VI < T < Ty" the system is in the adsorbed
phase. Thus, we consider A, lying in this region 1 < A, < A,* and plot in figures 19(a)
and (c) the force—temperature critical curves with fixed A, = 1.025 for a number of fixed
pulling angles ranging from (a) 6 > 45° and (c) 0 < 6 < 45° respectively. Here, for the
case of no pulling force, the system lies in a desorbed phase for temperatures lying in either

0<T< T‘VI_1 o12s ~ 0404074 or T > Ty, 55 &~ 0.900 947; while the polymer remains

adsorbed for TA‘.=1.0125 <T < TA\:I.OIZS' With that in mind, we can begin to interpret the
behaviour of the critical curves in figure 19(a) where 6§ > 45°. In this instance, we find
that pulling a polymer at such an angle can only induce desorption, with critical curves
wedged between the lower and upper zero-force critical temperatures and that exhibit a local
maximal critical point. Such behaviour is additionally observed in figure 19(b), where we
increase vertical stiffness A, = 1.04 (with the angle remaining greater than or equal to
45°); and in general we find such behaviour is consistent for all 1 < A, < A;*. Moreover,
expectantly, we find that as A, — A*, such curves exhibit a smaller maximal critical point,
as a lower predominantly vertical pulling force is required to aid vertical stiffness in inducing
desorption.

Considering next the case where 1 < A, < A,* for pulling angles ranging between
0° < 6 < 45° we find in figure 19(b) where A, = 1.025, that such critical curves are no
longer continuous. Now, while it is clear that at some pulling angles we are able to both induce
adsorption and desorption for low and high pulling forces respectively, the discontinuity of
the critical curves, along with the existence of two zero-force critical temperatures makes the
interpretation of the lower 62’5 and upper 92? separating angles less straightforward relative
to when A, < 1. Nonetheless, recalling that the corresponding critical curve at the separating
angle exhibits a purely vertical slope at the zero-force critical temperature, we find that pulling
a polymer at an angle 6 < GZf and 6 < 92;’ yields critical curves that lie immediately to
the left and right of the lower and upper zero-force critical temperature respectively. Thus,
around a neighbourhood centred at TAC’f (TAC"_”), such curves can only induce adsorption for

0 < 9”(0 < 0% ”) Moreover, beginning from A, = 1, where 65'1 _; =0%and6,"_, ~ 21.88°,
we find that as the vertical stiffness approaches Ay*, the lower and upper separatlng angles
increase and decrease respectively, converging to a common angle 65 A=A ~ 14.4645°. Thus,
as we increase vertical stiffness, the region between the lower and upper separating angle
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Figure 19. The general stiffness model with » = 1 (vertical-only stiffness) and both horizontal
and vertical pulling: The temperature-force critical curve at different upward pulling angles with
the stiffness attractive energy A, fixed at (a), (¢) 1.025 and (b), (d) 1.04. For both (@) and (b) we
plot critical curves at pulling angles 6 > 45°. In particular, starting from the top-most (yellow)
curve and moving downwards we have corresponding pulling angles of 45°, 60°, 75° and 90°
away from the surface respectively. Similarly, (¢) and (d) plots critical curves at pulling angles
45° < 6 < 90°, where starting from the bottom-left-most (purple) curve and moving upwards we
have corresponding pulling angles of 0°, 15°, 20°, 30° and 40° respectively. Additionally, for (c)
and (d) we include dashed critical curves for that correspond to pulling a polymer at the lower
(black) and upper (grey) separating angles.

diminishes, and so a wider range of angles can induce both adsorption and desorption. In fact,
as the maximal upper separating angle occurs when 92}’;1 ~ 21.88°, it is clear that pulling
angles between 6,"_; ~ 21.88° < 6 < 45° will always induce either adsorption or desorption
for1 < A, < A,*. However, an increasing vertical stiffness also decreases the region between
the upper and lower zero-force critical temperatures, similarly converging to a common point
TAC‘_: A 0.671 554, beyond which there is no temperature region for which the system
lies in a zero-force adsorbed phase. Finally, figure 19(c) highlights that we can classify these
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critical curves as exhibiting one of two different discontinuous characteristics, as seen when
comparing figure 19(c) with figure 19(d) for & = 30°. Specifically, it is only in the latter case
that we observe a local maximal critical point, along with an increasing component beginning
at zero-temperature. Moreover, irrespective of the discontinuous behaviour, we always observe
a zero-temperature critical point F;_, (). Specifically, at zero temperature, we ignore entropic
effects, and thus within the system we only observe rigid polymer conformations that solely
comprise of a rod-like adsorbed (horizontal) and stretched (vertical) components respectively.
Thus, in this instance, the free energy W for a polymer with L total and n horizontal steps is
given by

VW =—-n/—nFcosd — (L—n)Fsinf — (L—n)A,. (65)

Setting, 0¥ /dn = 0 and solving for F, we find the zero-temperature critical force explicitly

to be

Fig(0) = — == (66)

=087 cos(0) — sin(6)’

where we recall that we normalized the surface contact energy J = 1. From (60), it is thus
clear that for A, < 1, Ff_, > 0 for pulling angles between 45° < 6 < 90°; while for A, > 1,
Ff_, is positive when OO < 6 < 45°, which is consistent with our observations in figures 18
and 19. Beyond the zero-temperature critical force, we additionally find that as A, — A*,
these critical curves begin to transition from the first to second type of discontinuity as seen
in figure 19(b). In particular, an increase in vertical stiffness from A, = 1.025to A, = 1.04
results in a shift in the behaviour of the curve with corresponding pulling angle & = 30°. Now,
while in general finding the precise location for when these curves transition is intractable,
we have the necessary condition that 6 > 60y ”—that is, that we require pulling at such an
angle to be capable of inducing either adsorption or desorption for 1 < A, < A,* around
both zero-force critical temperatures. Thus as the lower and upper separating angles converge
to 6‘2 A 14.4645°, such a condition implies that we will never observe critical curves
with a local maximum for pulling angles ranging between 0° < 6 < 14.4645°. Again, we
should recall that for A, > A,*, pulling a polymer can only induce adsorption (for 8 < 45°),
reverting back to continuous critical curves as seen in figures 18(c) and (d).

6.5. General stiffness ratio: 0 < r < 1

Having considered the horizontal-only (r = 0), equal (» = 0.5) and vertical-only (r = 1)
stiffness models, we are now in a more convenient position to describe the physical behaviour
of the general stiffness model for any stiffness ratio 0 < » < 1 both without and with pulling.

6.5.1. General stiffness ratio with no pulling: 0 < r < 1, F = 0. 'We begin by plotting the
phase diagram in figure 20 both in terms of Boltzmann factors and physical variables, observing
the effect that the stiffness ratio has on the critical curve. In particular, in figure 20(a), we find
that all curves intersect at a common critical point when o = 1 and thus k,—; = 1 + 1/ V2.
Let the critical temperature for A = 0 be denoted T = J/log(k,—,). Here, if o = 1, stiffness
effects are ignored and thus the critical point is independent of the stiffness ratio. Interestingly,
in figure 20(b), showing the phase diagram with respect to temperature 7" and the potential
stiffness energy A, we note that only critical curves with a corresponding stiffness ratio» > 0.5
exhibit a zero-temperature critical point. Specifically, again by a zero-temperature argument,
we ignore entropic effects, so that the free energy W for a polymer consisting of L total and n
horizontal steps is

V=—nJ—n(l—-r)A—(L—-n)rA. (67)
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Figure 20. The general stiffness model with no pulling: the phase diagram plotted in terms of (a)
the Boltzmann factors « against o for stiffness ratios, starting with the top left-most (purple) curve,
of r =0,0.2,0.5,0.8 and 1; and in terms of (b) the physical variables T (temperature) against A
(stiffness energy), again with stiffness ratios, starting right-most, of » = 0, 0.2, 0.5, 0.8 and 1. The

system is in the desorbed phase for sufficiently high temperatures.

Now, setting dW /dn = 0 and solving for A, we find the zero-temperature critical stiffness to

be

. 1
Ao =571

(68)

Moreover, this result, in combination with the observation that the critical curve for the
case of equal horizontal and vertical stiffness (» = 0.5) is positively-sloping for all A, allows
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Figure 21. The general stiffness model with no pulling: the phase diagram in terms of T
(temperature) against A (stiffness energy), for corresponding stiffness ratios, starting left top-
most (brown curve) and moving downwards, of r = 0.6, 0.7, 0.8, 0.9 and 1. The system is in the
desorbed phase for sufficiently high temperatures.

us to claim that we can never observe a critical temperature that is constant as a function of A
for any 0 < r < 1. Instead, we either have an increasing critical temperature (0 < r < 0.5)
as A is increased or a critical curve that curls back to the axis, exhibiting a zero-temperature
critical point (0.5 < r < 1). We note that there is a set of values of r just greater than 1/2
such that at fixed temperatures just larger than 7jj the system moves as the stiffness strength
is increased from the desorbed phase at low stiffness strengths through adsorbed phase at
intermediate stiffness strengths back to the desorbed phase for large stiffness strengths: see
the curve associated with » = 0.6 in figure 21.

In figure 20(b) we observe that the critical curves for which r > 0.5 also exhibit
re-entrance for fixed A as temperature is varied and there exist a local maximal value
Ay > Af_, beyond which there is no zero-force phase transition. Indeed, in figure 21
we plot a greater number of critical curves with stiffness ratio r > 0.5 to showcase such
behaviour. Here, considering both the location of the stiffness upper-bound A’ as well as the
difference between this bound and the critical zero-temperature stiffness §AY = AT — A% _,
we find that: A}_, ., §A* ~ 5.0015,0.0015; Ay_,,, A* ~ 2.5185,0.0185; A’_,4, 6A* ~
1.7037,0.0370; A}_, 4, 6A* A 1.2984, 0.0484; and of course, the vertical-only stiffness case
AY_,, 8A* = 1.0543, 0.0543. Thus, while an increase in r > 0.5, decreases A}, the difference
between this upper-bound and the critical zero-temperature stiffness grows larger. So as we
approach the vertical-only stiffness model, there exists a greater range of stiffness values
between Af_,(r) and A} that can shift the system from a desorbed to adsorbed phase for low,
increasing temperature.

Let us now consider how changing r changes the critical temperature 7} , at fixed A. In
figure 22, we plot 7 , against O < r < 1 for fixed stiffness A = 0.2, 1, 2 and 3. We see that
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Figure 22. The general stiffness model with both horizontal and vertical pulling. The zero-force
critical temperature against stiffness ratio 0 < r < 1 for a number of fixed stiffness values. Starting
from the bottom, left-most (purple) curve and moving upwards, we have curves with corresponding
stiffness A = 0.2, 1, 2 and 3 respectively.

an increase in the stiffness ratio results in a lower critical temperature, as we move towards
the vertical-only stiffness model. Additionally, recall from section 6.5.1, that we asserted
that all critical force-temperature curves with a corresponding stiffness ratio 0.5 < r < 1
exhibit a critical zero-temperature point A%._,(r) as well as re-entrant behaviour, giving rise
to a maximal critical point AY. Now, we can alternatively consider both the zero-temperature
ry_o(A) and maximal critical point 7, as functions of r. With that in mind, for the cases where
we fix A = 2 and 3 in figure 22, we do indeed observe re-entrance, specifically finding that:
ro_o(A =2),r5_, = 0.75,0.7537 and r;_ (A = 3),ry_; ~ 0.6670, 0.6673. Thus, as we
increase A, a lower ratio of vertical relative to horizontal stiffness is required to ensure that we
observe a zero-force critical point. Moreover, increasing stiffness further diminishes the range
of stiffness ratios from r_,(A) to r for which the system exhibits a lower TAC:Ir and upper
T, zero-force critical temperature. Again, as per the vertical-only stiffness model, both TA“’,II,
and TX’.Z converge at the maximal ratio ), where for the particular case of A = 2 and 3 we
have T} _, . ~ 0.714137 and T} _; .. ~ 0.728 611 respectively.

Considering vertical cuts of our plot corresponding to a fixed stiffness ratio, we find that
an increase in A results in an increasing and subsequently decreasing critical temperature for
low and high r respectively. Note, that while figure 22 suggests a common intersecting critical
point at » = 0.6 for all chosen stiffness values, we have already established in section 6.5.1 that
there exists no stiffness ratio that would yield a stationary 7} , as we alter stiffness. As argued
above, to reconcile these two observations there must exist a range of ratios for which the
critical temperature is not a strictly increasing or decreasing function of A. In fact, we find that
between approximately 0.5 < r < 0.621 32, the corresponding stiffness—temperature phase
diagram is increasing and subsequently decreasing for low and high stiffness respectively.

6.5.2. General stiffness ratio with pulling: 0 < r < 1, variable pulling angle, 6. With
the inclusion of pulling, we are now particularly interested in the effect on the separating
angle 0} , as we alter r. We plot in figure 23, 0} | against the stiffness ratio for fixed stiffness
A = 0.2,1,2,3 and 15. Recall, that for the horizontal-only (» = 0) and equal-stiffness
(r = 0.5) cases we observed an increasing and subsequently decreasing separating angle for
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Figure 23. The general stiffness model with both horizontal and vertical pulling. The separating
angle against stiffness ratio 0 < r < 1 for a number of fixed stiffness values. Starting from the
bottom, left-most (purple) curve and moving upward, we have curves with corresponding stiffness
A =0.2, 1, 2 and 3 respectively.

low and high stiffness respectively. By considering vertical cuts in figure 23, we find that we
indeed observe such behaviour for general fixed 0 < r < 0.5, with 63 | — 0° as A — oo.
Thus, for large enough stiffness, pulling a polymer at angles ranging from 0° < 6 < 45° can
induce both adsorption and desorption. This implies that overall, both the horizontal and equal
stiffness models are good representations of the general stiffness model where 0 < r < 0.5.
Now, for the other extreme case of vertical-only stiffness (r = 1), recall that increasing stiffness
Ay < Ay* always results in a decreasing separating angle 63 _,. However, we clearly observe
in ﬁgure 23 that for fixed 0.5 < r < 1, our class of models instead behave like the horizontal-
only and equal stiffness cases, similarly exhibiting a increasing and decreasing separating
angle for low and high stiffness respectively. Thus, we have already highlighted one feature
of the general stiffness model 0.5 < r < 1 which is absent from the vertical-only stiffness
case. Note, however, that as r — 1 we do observe a diminishing stiffness range for which 65

is increasing. For instance, we find that 07, , is increasing when A < 4.395,2.015 and 0. 655
for stiffness ratios r = 0.6, 0.7 and 0.9 respectlvely Thus, as r — 1, the stiffness interval
for which the separating angle is increasing becomes narrower, with the model approaching
the behaviour of the vertical-only stiffness case. Additionally, the general stiffness model for
all 0.5 < r < 1 does share characteristics with the upper-bound r = 1 model. Specifically,
we have already established that such models exhibit a zero-temperature critical stiffness
Af = A%_(r) as well as re-entrant behaviour with a maximal critical point A}. With respect
to the separating angle, these two characteristics give rise to a lower Qs’lr and upper QZT‘r

separating angle for A5_,(r) < A < A}. As per the vertical-only stiffness case, N N =0°
for any 0.5 < r < 1 whlle we find that 3%, ~ 26.4711°,25.2365° and 22. 6343 for

r = 0.6, 0.7 and 0.9 respectively, with the lower and upper separating angle converging to
07— a:+- Moreover, we similarly find that for A > A7, pulling a polymer can only induce
adsorptlon (for 6 < 45°). Thus, loosely speaking, for O 5 < r < 1, we find that 6} , for the
general stiffness model behaves more like its horizontal-only and equal-stiffness counterpart
at low stiffness (A < AY), while for AS < A < A%, we observe converging lower and upper
separating angles as per the vertical-only stiffness case.
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7. Conclusion

We have solved exactly by means of the kernel method a generalized partially directed walk
model of a stretched semi-flexible polymer near a sticky wall in two dimensions, incorporating
both horizontal and vertical stiffness effects.

We revisited previously studied model sub-cases, highlighting their key findings with
respect to the model’s physical variables: T temperature, F' pulling force and 6 the upward
pulling angle away from the surface.

With our solution to the general model at hand, we identified the adsorbed, desorbed
and stretched dominant singularities of the generating function. To discuss the behaviour of
general model in more detail we introduced a stiffness parameter r that scaled the potential
energy attributed to a vertical stiffness site as rA and to a horizontal stiffness site as (1 —r)A.
When excluding or including pulling, we found that for all 0 < r < 1, the general stiffness
model exhibits a second or first-order adsorption phase transition respectively, allowing us
to conclude that anisotropic stiffness effects do not alter the order of the adsorption phase
transition.

Turning to the shape of the critical curve for the equal horizontal and vertical stiffness
(r = 0.5) model, we found that at low stiffness, an increase in A increased the separating
angle 63 (the largest angle for which stretching a polymer induces only adsorption). However,
when normalizing the potential energy attributed to a surface contact —J/ = —1, we found
a maximal separating angle of 45° when the stiffness energy A = 2.23944, highlighting
that a pulling force with a larger vertical relative to horizontal component can never induce
adsorption. Additionally, we found that as A — oo, 8 — 0°, implying that (eventually) an
increase in stiffness, increases the range of pulling angles that can induce both desorption and
adsorption.

For horizontal-only (r = 0) stiffness and variable pulling the system was shown to exhibit
similar behaviour to that of the equal stiffness model, with a maximal separating angle 63
again occurring at 45°, while we observe that an increase in horizontal stiffness also decreases
the separating angle. However, this rate of decrease is dampened relative to the equal stiffness
case, showing that an increase in horizontal stiffness produces a smaller change in the range
of pulling angles that can additionally induce desorption.

We have carefully analyzed the, previously unconsidered, model that incorporates vertical-
only (r = 1) stiffness both with and without pulling. Without pulling, we found a stiffness—
temperature phase diagram that is in contrast to the horizontal stiffness case, exhibiting
behaviour that is much more closely related to an upward vertical pulling force acting
on the free-end of a polymer. Additionally, we found that while, generally, an increase in
vertical stiffness decreases the critical temperature, the stiffness—temperature critical curve
exhibited re-entrance at low temperatures—a feature which had only previously been observed
in co-polymer or three-dimensional models. Moreover, as the critical temperature does not
forever decrease, we also found an upper bound stiffness A,* ~ 1.0534 beyond which the
model exhibits no phase transition, further highlighting the distinctiveness of the vertical-
only stiffness case. With the addition of pulling, we again found physical characteristics that
differed from the horizontal and equal stiffness cases. In particular, the separating angle does
not increase over any range of A,, but rather an increase in vertical stiffness always increases
the range of pulling angles from 6, up to 45° that can induce both adsorption and desorption
(for Ay < A). '

Finally, the understanding of the three sub-cases (r = 0, 0.5, and 1) of our general stiffness
model allowed us to frame a discussion of the general stiffness ratios 0 < r < 1. We found that
both the horizontal and equal stiffness models were good representatives for the behaviour of
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the general model for any fixed ratio 0 < r < 0.5. Specifically, in this instance, an increase in
A always results in an increasing zero-force critical temperature, while the separating angle
0, similarly is increasing and subsequently decreasing for low and high stiffness respectively.
Additionally, we again observed that as A — oo, QZ,r — 0°. Thus, in general, any model
with greater horizontal relative to vertical stiffness exhibits consistent physical characteristics.
Naively, one might then assume that the model’s behaviour when we have a greater vertical
relative to horizontal stiffness 0.5 < r < 1, is captured by the vertical-only stiffness case.
Indeed, we found that for all fixed 0.5 < r < 1, the general model ignoring pulling always
exhibits a re-entrant stiffness—temperature critical curve, with both a zero-temperature critical
point along with a maximal critical stiffness beyond which the system exhibits no zero-force
phase transition. However, the inclusion of pulling into our general model revealed behaviour
that was instead more closely related to the horizontal-only case. In particular, we found
that there exists a range of stiffness values for which the separating angle is increasing, with
such a stiffness range diminishing as r — 1. Thus overall, for 0.5 < » < 1, we no longer
observe consistent physical characteristics amongst all models, but rather we conclude that
the behaviour of the general model approaches that of the vertical-only stiffness case as the
stiffness ratio is increased towards 1.
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